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ABSTRACT.We prove the existence of good smooth integral models of Shimura varieties
of Hodge type in arbitrary unramified mixed characteristic (0, p). As a first application
we solve a conjecture of Langlands for Shimura varieties of Hodge type. As a second
application we prove the existence in arbitrary unramified mixed characteristic (0, p) of
integral canonical models of projective Shimura varieties of Hodge type; this forms progress
towards the proof of conjectures of Milne and Reimann. Though the second application
was known before in some cases, its proof is new and more of a principle.
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els, Hodge cycles, deformation theories, p-divisible groups, and F -crystals.
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1. Introduction
Let p ∈ N be a prime. Let Z(p) be the localization of Z at its prime ideal (p). Let
r ∈ N∗. Let N ≥ 3 be a natural number relatively prime to p. Let Ar,1,N be the Mumford
moduli scheme over Z(p) that parameterizes isomorphism classes of principally polarized
abelian schemes over Z(p)-schemes that are of relative dimension r and that are endowed
with a symplectic similitude level-N structure (cf. [MFK, Thms. 7.9 and 7.10] applied to
symplectic similitude level structures instead of simply level structures).
1.1. Basic properties. The Z(p)-schemes Ar,1,N have the following three properties:
(i) They are smooth and quasi-projective.
(ii) If N1 ∈ NN \ pN, then the natural level-reduction Z(p)-morphism Ar,1,N1 →
Ar,1,N is an e´tale cover. Thus the projective limit
Mr := proj.lim.N ≥ 3,(N,p)=1Ar,1,N
exists and is a regular, formally smooth Z(p)-scheme.
(iii) If Z is a regular, formally smooth scheme over Z(p), then each morphism ZQ →
Mr,Q of Q–schemes extends uniquely to a morphism Z →Mr of Z(p)-schemes.
Property (i) is checked in loc. cit., cf. also Serre Lemma of [Mu, Ch. IV, Sect.
21, Thm. 5]. Property (ii) is well known. Property (iii) is implied by the fact that
1
each abelian scheme over ZQ that has level-N structure for all N ∈ N \ (pN ∪ {1, 2}),
extends to an abelian scheme over Z (cf. the Ne´ron–Ogg–Shafarevich criterion of good
reduction and the purity result [VZ, Cor. 5]); such an extension is unique up to a unique
isomorphism (cf. [Ra, Ch. IX, Cor. 1.4]). From Yoneda Lemma we get that the regular,
formally smooth Z(p)-scheme Mr is uniquely determined by its generic fibre Mr,Q and by
the universal property expressed by the property (iii). Thus one can view Ar,1,N as the best
smooth integral model of Ar,1,N,Q over Z(p). The main goal of this paper is to generalize
properties (i) to (iii) to the context of Shimura varieties of Hodge type. Thus in this paper
we prove the existence of good smooth integral models of Shimura varieties of Hodge type
in unramified mixed characteristic (0, p) and we list several main properties of them. We
will begin with a list of notations and with a review of Shimura varieties.
1.2. Notations. Let S := ResC/RGm,C be the two dimensional torus over R such that we
have identifications S(R) = Gm,C(C) and S(C) = Gm,C(C) × Gm,C(C) with the property
that the monomorphism R →֒ C induces the map z → (z, z¯); here z ∈ Gm,C(C).
Let R be a commutative Z-algebra. We recall that a group scheme F over R is called
reductive if it is smooth and affine and its fibres are connected and have trivial unipotent
radicals. Let Lie(♮) be the Lie algebra over R of a smooth, closed subgroup scheme ♮ of
F . The group schemes Gm,R and Ga,R are over R. For a free module M of finite rank
over R, let M∨ := Hom(M,R), and let GLM be the reductive group scheme over R of
linear automorphisms of M . A bilinear form ψ : M ×M → R on M is called perfect if it
defines naturally an R-linear isomorphism M ∼→M∨. If ψ is a perfect, alternating form on
M (thus the rank of M is even), then Sp(M,ψ) and GSp(M,ψ) are viewed as reductive
group schemes over R.
Let k be a perfect field of characteristic p. Let W (k) be the ring of Witt vectors
with coefficients in k. Always n ∈ N∗. Let Af := Ẑ ⊗Z Q be the ring of finite ade`les
of Q. Let A
(p)
f be the ring of finite ade`les of Q with the p-component omitted; we have
Af = Qp ×A
(p)
f . If R ∈ {Af ,A
(p)
f ,Qp}, then the group F (R) is endowed with the coarsest
topology that makes all maps R = Ga,R(R) → F (R) associated to morphisms Ga,R → F
of R-schemes to be continuous; thus F (R) is a totally discontinuous locally compact group.
Each continuous action of a totally discontinuous locally compact group on a scheme will
be in the sense of [De2, Subsubsect. 2.7.1] and it will be a right action.
1.3. Shimura varieties. A Shimura pair (G,X) consists of a reductive group G over Q
and a G(R)-conjugacy class X of homomorphisms S → GR that satisfy the three axioms
[De2, (2.1.1.1) to (2.1.1.3)]: the Hodge Q–structure on Lie(G) defined by any h ∈ X is
of type {(−1, 1), (0, 0), (1,−1)}, no simple factor of the adjoint group Gad of G becomes
compact over R, and Ad(h(i)) is a Cartan involution of Lie(GadR ). Here Ad : GR →
GLLie(Gad
R
) is the adjoint representation. These axioms imply that X has a natural structure
of a hermitian symmetric domain, cf. [De2, Cor. 1.1.17]. For h ∈ X we consider the Hodge
cocharacter
µh : Gm,C → GC
which maps z ∈ Gm,C(C) to µh(z) = hC(z, 1) ∈ GC(C).
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The most studied Shimura pairs are constructed as follows. Let W be a vector space
over Q of even dimension 2r. Let ψ be a non-degenerate alternative form on W . Let Y
be the set of all monomorphisms S →֒ GSp(W ⊗Q R, ψ) that define Hodge Q–structures
on W of type {(−1, 0), (0,−1)} and that have either 2πiψ or −2πiψ as polarizations. The
pair (GSp(W,ψ),Y) is a Shimura pair that defines a Siegel modular variety. Let L be a
Z-lattice of W such that ψ induces a perfect form ψ : L× L→ Z. Let
K(N) := {g ∈GSp(L, ψ)(Ẑ)|g mod N Ẑ is identity} and Kp := GSp(L, ψ)(Zp).
Let E(G,X) →֒ C be the number subfield of C that is the field of definition of the
G(C)-conjugacy class of the cocharacters µh’s of GC, cf. [Mi2, p. 163]. We recall that
E(G,X) is called the reflex field of (G,X). The Shimura variety Sh(G,X) is identified with
the canonical model over E(G,X) of the complex Shimura variety
Sh(G,X)C := proj.lim.K∈Σ(G)G(Q)\[X× (G(Af )/K)],
where Σ(G) is the set of compact, open subgroups of G(Af ) endowed with the inclusion
relation (see [De1,2] and [Mi1–4]). Thus Sh(G,X) is an E(G,X)-scheme together with a
continuous G(Af )-action. For C a compact subgroup of G(Af ) let
ShC(G,X) := Sh(G,X)/C.
Let K ∈ Σ(G). A classical result of Baily and Borel allows us to view ShK(G,X)C =
G(Q)\[X× (G(Af )/K)] as a finite, disjoint union of normal, quasi-projective varieties over
C and not only of complex spaces (see [BB, Thm. 10.11]). Thus ShK(G,X) is a normal,
quasi-projective E(G,X)-scheme. IfK is small enough, then ShK(G,X) is in fact a smooth,
quasi-projective E(G,X)-scheme. Let H be a compact, open subgroup of GQp(Qp).
We recall that the group GQp is called unramified if and only if it has a Borel subgroup
and splits over an unramified, finite field extension of Qp.
See [T] for hyperspecial subgroups of GQp(Qp). In what follows we will only use the
following three properties of them:
– the group GQp(Qp) has hyperspecial subgroups if and only if GQp is unramified,
– a subgroup of GQp(Qp) is hyperspecial if and only if it is the group of Zp-valued
points of a reductive group scheme over Zp whose generic fibre is GQp , and
– each hyperspecial subgroup of GQp(Qp) is a maximal compact, open subgroup of
GQp(Qp).
Let v be a prime of E(G,X) that divides p. Let k(v) be the residue field of v. Let
e(v) ∈ N∗ be the index of ramification of v. Let O(v) be the localization of the ring of
integers of E(G,X) with respect to v.
1.3.1. Definitions. (a) By an integral model of ShK(G,X) over O(v) we mean a faithfully
flat O(v)-scheme whose generic fibre is ShK(G,X).
(b) By an integral model of ShH(G,X) over O(v) we mean a faithfully flat O(v)-
scheme equipped with a continuous G(A
(p)
f )-action whose generic fibre is the E(G,X)-
scheme ShH(G,X) equipped with its natural continuous G(A
(p)
f )-action.
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In this paper we study integral models of ShK(G,X) and ShH(G,X) over O(v). The
subject has a long history, the first main result being the existence of the moduli schemes
Ar,1,N and Mr. This is so as we have natural identifications
Ar,1,N,Q = ShK(N)(GSp(W,ψ),Y) and Mr,Q = ShKp(GSp(W,ψ),Y)
(see [De1], [Mi2], [V1], etc.). In particular, see [V1, Ex. 3.2.9 and Subsect. 4.1] and [De1,
Thm. 4.21] for the natural continuous action of GSp(W,ψ)(A
(p)
f ) on Mr.
In 1976 Langlands conjectured the existence of a good integral model of ShH(G,X)
over O(v), provided H is a hyperspecial subgroup of GQp(Qp) (see [La, p. 411]); unfortu-
nately, Langlands did not explain what good is supposed to stand for. Only in 1992, an
idea of Milne made it significantly clearer how to characterize and identify the good inte-
gral models. Milne’s philosophy can be roughly summarized as follows (cf. [Mi2]): under
certain conditions, the good regular, formally smooth integral models should be uniquely
determined by (Ne´ron type) universal properties that are similar to the property 1.1 (iii).
1.3.2. Definitions. (a)We assume that e(v) = 1. An affine, flat group scheme GZ(p) over
Z(p) that extends G (i.e., whose generic fibre is G) is called a quasi-reductive group scheme
for (G,X, v), if there exists a reductive, normal, closed subgroup scheme GrZp of GZp and
a cocharacter µv : Gm,W (k(v)) → G
r
Zp
×Spec Zp SpecW (k(v)), such that the extension of µv
to C via an (any) O(v)-monomorphism W (k(v)) →֒ C defines a cocharacter of GC that is
G(C)-conjugate to the cocharacters µh of GC introduced above (h ∈ X).
(b)We say that a smooth O(v)-scheme Y of finite type is a Ne´ron model of its generic
fibre YE(G,X) over O(v), if for each smooth O(v)-scheme Z, every morphism ZE(G,X) →
YE(G,X) of E(G,X)-schemes extends uniquely to a morphism Z → Y of O(v)-schemes.
Definition (a) is a variation of [Re2, Def. 1.5]; more precisely, the group GZ(p)(Zp)
is an h–hyperspecial subgroup of GQp(Qp) in the sense of loc. cit. Definition (b) is well
known, cf. [BLR, Ch. 1, Sect. 1.2, Def. 1].
1.4. Constructing integral models. Until the end we will assume that the Shimura
pair (G,X) is of Hodge type i.e., there exists an injective map
f : (G,X) →֒ (GSp(W,ψ),Y)
for some symplectic space (W,ψ) over Q; thus f : G →֒ GSp(W,ψ) is a monomorphism
such that we have fR ◦ h ∈ Y for all elements h ∈ X.
We recall that we identity Mr,Q = ShKp(GSp(W,ψ),Y). Let L(p) := L⊗Z Z(p). The
schematic closure GZ(p) of G in GLL(p) is an affine, flat group scheme over Z(p). Until the
end we will also assume that we have an identity H = Kp ∩GQp(Qp); thus H = GZ(p)(Zp).
The functorial morphism f0 : Sh(G,X)→ Sh(GSp(W,ψ),Y)E(G,X) defined by f (see
[De1, Cor. 5.4]) is a closed embedding as it is so over C (cf. [De1, Prop. 1.15]). The
morphism f0 induces naturally a morphism of E(G,X)-schemes
fp : ShH(G,X)→ ShKp(GSp(W,ψ),Y)E(G,X)
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which is a closed embedding (cf. Fact 2.2.1). Thus we can speak about the normalization
N of the schematic closure of ShH(G,X) in Mr,O(v) . As G(A
(p)
f ) acts continuously on
ShH(G,X) and Mr, it is easy to see that we get a natural induced continuous action of
G(A
(p)
f ) on N (to be compared with [V1, Prop. 3.4]). Let N
s be the formally smooth locus
of N over O(v); it is a G(A
(p)
f )-invariant, open subscheme of N such that we have identities
NsE(G,X) = NE(G,X) = ShH(G,X) (cf. Lemma 2.2.4). Let
(A, λA)
be the principally polarized abelian scheme over N which is the natural pull-back of the
universal principally polarized abelian scheme over Mr.
If p > 2 and e(v) = 1, let Nm := Ns. If p = 2 and e(v) = 1, let Nm be the G(A
(p)
f )-
invariant, open subscheme of Ns defined in Subsubsection 3.5.1. In this paper we study
when e(v) = 1 the following sequence
Nm →֒ Ns →֒ N→Mr,O(v)
of morphisms of O(v)-schemes in order to prove the following three basic results.
1.5. Basic Theorem. We assume that e(v) = 1 (i.e., v is unramified over p) and that
the k(v)-scheme Nsk(v) is non-empty. Then we have:
(a) The O(v)-scheme N
s is the unique regular, formally smooth integral model of
ShH(G,X) over O(v) that satisfies the following smooth extension property: if Z is a regu-
lar, formally smooth scheme over a discrete valuation ring O which is of index of ramifica-
tion 1 and which is a faithfully flat O(v)-algebra, then each morphism ZE(G,X) → ShH(G,X)
of E(G,X)-schemes extends uniquely to a morphism Z → Ns of O(v)-schemes.
(b) For each algebraically closed field k of characteristic p, the natural morphism
NsW (k) → Mr,W (k) induces W (k)-epimorphisms at the level of complete, local rings of
residue field k (i.e., it is a formally closed embedding at all k-valued point of NsW (k)).
(c) We also assume that the Q–rank of the adjoint group Gad is 0. Let H(p) be
a compact, open subgroup of G(A
(p)
f ) such that N is a pro-e´tale cover of N/H
(p). Then
Ns/H(p) is a Ne´ron model of its generic fibre ShH×H(p) (G,X) over O(v).
1.6. Proposition. We assume that e(v) = 1 and that GZ(p) is a quasi-reductive group
scheme for (G,X, v). Then all ordinary points of Nk(v) (i.e., all points y : Spec k → Nk(v)
with values in fields such that the abelian variety y∗(A) over k is ordinary) belong to Nmk(v).
1.7. Main Theorem. We assume that e(v) = 1 and that GZ(p) is a quasi-reductive group
scheme for (G,X, v).
(a) Then Nmk(v) is a non-empty, open closed subscheme of Nk(v).
(b) If the ordinary locus of Nk(v) is Zariski dense in Nk(v), then N
m = Ns = N.
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(c) If the Q–rank of the adjoint group Gad is 0, then the following two properties
hold:
(c.i) We have Nm = Ns = N and moreover N is the integral canonical model of ShH(G,X)
over O(v) as defined in [V1, Def. 3.2.3 6)].
(c.ii) Let H(p) be a compact, open subgroup of G(A
(p)
f ) such that H ×H
(p) is contained in
K(N) for some N ∈ N \ (pN ∪ {1, 2}); thus we have a natural finite morphism
f(N) : ShH×H(p) (G,X)→ Ar,1,N,E(G,X) = ShK(N)(GSp(W,ψ),Y)E(G,X).
Then the normalization Q of Ar,1,N,O(v) in the ring of fractions of ShH×H(p)(G,X) is a
smooth, projective O(v)-scheme that can be identified with N/H
(p) and that is the Ne´ron
model of ShH×H(p)(G,X) over O(v).
1.8. On contents and proofs. We detail on the contents of this Part I. Section 2
lists conventions, notations, and few basic properties that pertain to the injective map
f : (G,X) →֒ (GSp(W,ψ),Y) and to Hodge cycles on abelian schemes over Q–schemes. In
connection to Sections 3 to 5 we assume e(v) = 1.
Section 3 includes crystalline applications. In Subsections 3.1 to 3.3 we introduce
basic notations and review three recent results that pertain to p-divisible groups and that
play a central role in Subsections 3.3 to 3.6 and in Sections 4 and 5. The results are:
(i) de Jong extension theorem (see [dJ] and Theorem 3.1),
(ii) a variant of Faltings deformation theory, and
(iii) a refinement of a motivic conjecture of Milne proved in [V8, Thm. 1.2].
Our first main new idea is to use (ii) in order to show directly that each W (k)-valued
point of N factors through Ns. Based on this and [VZ, Cor. 5], in Subsection 3.4 we
prove the Basic Theorem 1.5. Extra crystalline properties required in Sections 4 and 5 are
gathered in Subsection 3.5. Proposition 1.6 is proved in Subsection 3.6 based on [No] and
on (iii).
See Lemma 4.1 (a) for a simple criterion on when the k(v)-scheme Nmk(v) is non-empty.
In Subsection 4.2 we apply Theorem 1.5 (a) and Lemma 4.1 (a) to prove the existence of
good regular, formally smooth integral models of ShH˜(G,X) over O(v) for a large class
of compact, open subgroups H˜ of GQp(Qp) (the class includes all parahoric subgroups
of GQp(Qp)) provided GQp splits over an unramified extension of Qp (see Theorem 4.3).
In particular, Corollary 4.2.3 can be viewed as a solution to the conjecture of Langlands
(mentioned in the paragraph before Definitions 1.3.2) for Shimura varieties of Hodge type.
In Section 5 we use (i), Lemma 2.2.6 (i.e., [V4, Cor. 4.3]), [V12], and Subsection 3.4
to prove the Main Theorem 1.7 (see Subsections 5.1 to 5.7). Our second main new idea is
to use (i) and purity results for reductive groups as in [V12] in order to get that the open
subscheme Nmk(v) of Nk(v) is as well stable under specializations.
Appendices A and B review basic properties of affine group schemes and of p-divisible
groups. Their subsections are numbered as A1, A2, and B1 to B9. The reader ought to refer
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to these subsections only when they are quoted in the main text. Modulo few notations of
Subsection 2.1, the two Appendices are entirely independent of the main text.
1.9. On literature and Part II. Referring to Theorem 1.5 (a), all ordinary points of
Nk(v) belong to N
s
k(v) (cf. [N, Cor. 3.8]). Thus the only new part of Proposition 1.6 is the
case when p = 2. If the Q–rank of the adjoint group Gad is 0 and Ns 6= N, then Theorem
1.5 (c) provides Ne´ron models over O(v) which are not projective and thus which are not
among the Ne´ron models obtained in either [V4, Prop. 4.4.1] or [VZ, Thm. 31]. Besides
their applications to the conjecture of Langlands, Theorems 1.5 and 1.7 are also key steps
in proving the deep conjectures [Re1, Conjs. B 3.7 and B 3.12] and [Re2, Conj. 1.6].
If p≥ 5 and GZ(p) is a reductive group scheme, then Theorem 1.7 (c.i) was first
obtained in [V1, Rm. 3.2.12, Thms. 5.1 and 6.4.1], [V5, Appendix], and [VZ, Thm. 31].
If the Shimura pair (G,X) is unitary (i.e., GadC is a non-trivial product of PGL groups)
and GZ(p) is a reductive group scheme, then Theorem 1.7 (c.i) follows also from [V5, Thm.
5.1], [V1, Subsubsect. 3.2.12], and [VZ, Thm. 31].
An erroneous report on an earlier version of [V1] was made in [Moo]. In the name of
care for the “mathematical truth”, [Moo] had taken a very critical stand against an earlier
version of [V1] which created a distorted picture; by doing this, [Moo] had implicitly ended
up with multiple false statements and proofs. In particular, the proofs of [Moo, Proposition
3.5.1, Lemma 3.6, Subsection 3.6.1, Lemma 3.8, Proposition 3.10] had been all invalidated.
If p ≥ 3 of if p = 2 and the 2-rank of each geometric fibre of the abelian scheme Ak(v)
over Nk(v) is 0 and if moreover GZ(p) is a reductive group scheme, then Theorem 1.7 (c.i)
has been also claimed in [Ki]. Unfortunately, key parts of [Ki] are incomplete and need
substantial enlargement (such as the parallel transport used in the proof of [Ki, Proposition
2.3.5]). Moreover, the counterexample of [VZ, Subsection 5.1] which invalidated the proofs
[Moo, Proposition 3.5.1, Lemma 3.6, Subsection 3.6.1] also invalidated the proofs [Ki,
Theorem of Introduction, Theorem 2.3.8 (2), Corollary 3.4.14, Lemma 3.4.5, and Theorem
3.4.10] which relied on the mentioned proofs of [Moo]. Please note down that so far, there
is no published proof of [Moo, Subsection 3.6.1] and the only published work which avoids
all errors committed in the proofs [Moo, Proposition 3.5.1 and Lemma 3.6] based on [FC],
is [VZ, Corollaries 5 and 30] which appeals to [V2, Proposition 4.1].
Theorem 1.7 (c.i) represents progress towards the proof of a conjecture of Milne (see
[Mi2, Conj. 2.7] and [V1, Conj. 3.2.5]) that pertains to the existence of integral canonical
models of Shimura varieties.
The published works [MFK], [Dr], [Mo], [Z], [LR], [Ko], [V1,2,4–11], and [Ki] are
the most relevant for the existence of good smooth integral models of Shimura varieties
of Hodge type. See also [HT, Sect. 5] for a translation of part of [Dr] in terms of the
existence of good smooth integral models in arbitrary ramified mixed characteristic (0, p)
of very simple unitary Shimura varieties. The paper [VZ] is the only work that proves
correctly the uniqueness of integral canonical models of Shimura varieties over discrete
valuation rings of mixed characteristic (0, p) and absolute index of ramification at most
p− 1.
Part II will complete the proof of the conjecture of Milne on integral canonical models
for the case of Shimura varieties of abelian type (see http://arxiv.org/abs/0712.1572). Part
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of Part II is also claimed in the recent manuscript [KMP] which, unfortunately, relies (and
thus repeats) all the errors and invalidated proofs of [Ki].
Part I brings completely new ideas in order to:
• shorten and simplify [V1];
• extend many parts of [V1] that were worked out only for p≥ 5 to the case of small
primes p ∈ {2, 3};
• achieve progress towards the proofs of conjectures of Langlands, Milne, and Reimann;
• work with large classes of subgroups of GQp(Qp) which in the case when GQp splits
over an unramified extension of Qp include as a very particular case the class of parahoric
subgroups of GQp(Qp) (and therefore also the class of hyperspecial subgroups of GQp(Qp)).
Theorem 1.7 (c.ii) for p ≥ 5 corrects an error in the proof of [V1, Prop. 3.2.3.2 ii)]
that invalidated [V1, Rm. 6.4.1.1 2) and most of Subsubsect. 6.4.11]. This correction was
started in [V4, Rm. 4.6 (b)] and [V5, Thm. 5.1 (c) and Appendix E.8].
1.10. A connection with local models. Let Ov be the completion of O(v). The theory
of local models aims to construct a projective scheme Nlocal over Ov which is expected to
model the singularities of the complement N \Ns (in the pro-e´tale topology); for instance
see [RZ] and [PZ]. To our best knowledge, so far this theory has not been able to prove
either the existence or the uniqueness of integral canonical models of Shimura varieties.
But it has been able to say a lot about the expected singularities of the complement
N \Ns in many cases. The most advanced work in this direction is the recent manuscript
[KP] which works in the case when H is a parahoric subgroup of GQp(Qp) and GQp splits
over a tamely ramified extension of Qp. Unfortunately, [KP] relies on the same parallel
transport used in the proof of [Ki, Proposition 2.3.5] which is incomplete (stated without
any explanation) and it is hard to say in which cases it could be truly proved.
If GQp splits over an unramified extension of Qp (thus e(v) = 1), then the class of
subgroups H of GQp(Qp) for which our results work is a lot more general than the class of
parahoric subgroups of GQp(Qp) considered in [KP] (see Theorem 4.3). On the other hand,
even when e(v) = 1 neither this paper nor its Part II says anything about the complement
N \Ns in case it is non-empty.
2. Preliminaries
In Subsection 2.1 we include some conventions and notations to be used throughout
the paper. In Subsection 2.2 we study the injective map f : (G,X) →֒ (GSp(W,ψ),Y). In
Subsection 2.3 we consider C-valued points of Sh(G,X) and different realizations of Hodge
cycles on abelian schemes over reduced Q–schemes.
2.1. Conventions and notations. We recall that p is a prime and that k is a perfect
field of characteristic p. Let σ := σk be the Frobenius automorphism of k, W (k), and of
the field of fractions B(k) := W (k)[ 1p ] of W (k). For a p-divisible group D over W (k), let
H1(D) be the dual of the Tate-module of DB(k).
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Let R, M , and F be as in the beginning of Section 1. If ∗ or ∗R is either a morphism
or an object of the category of R-schemes and if S is a commutative R-algebra, let ∗S be
the pull-back of ∗ or ∗S to the category of S-schemes. Let Z(F ), F
ad, and F der denote the
center, the adjoint group scheme, and the derived group scheme (respectively) of F . We
have F ad = F/Z(F ). The group schemes SLn,R, etc., are over R. If F1 →֒ F is a closed
embedding monomorphism of group schemes over R, then we identify F1 with its image
in F and we consider intersections of subgroups of F1(R) with subgroups of F (R). By the
essential tensor algebra of M ⊕M∨ we mean the R-module
T(M) := ⊕s,t∈NM
⊗s ⊗R M
∨⊗t.
Let F 1(M) be a direct summand of M . Let F 0(M) := M and F 2(M) := 0.
Let F 1(M∨) := 0, F 0(M∨) := {y ∈ M∨|y(F 1(M)) = 0}, and F−1(M∨) := M∨. Let
(F i(T(M)))i∈Z be the tensor product filtration of T(M) defined by the resulting exhaus-
tive, separated filtrations (F i(M))i∈Z and (F
i(M∨))i∈Z of M and M
∨ (respectively). We
refer to (F i(T(M)))i∈Z as the filtration of T(M) defined by F
1(M).
We identify naturally End(M) = M ⊗R M
∨ and End(End(M)) = M⊗2 ⊗R M
∨⊗2.
Let x ∈ R be a non-divisor of 0. A family of tensors of T(M [ 1x ]) = T(M)[
1
x ] is denoted
(uα)α∈J, with J as the set of indexes. Let M1 be another free R-module of finite rank. Let
(u1,α)α∈J be a family of tensors of T(M1[
1
x ]) indexed by the same set J. By an isomorphism
(M, (uα)α∈J)
∼→ (M1, (u1,α)α∈J) we mean an R-linear isomorphism M
∼→M1 that extends
naturally to an R[ 1x ]-linear isomorphism T(M [
1
x ])
∼→T(M1[
1
x ]) which takes uα to u1,α for
all α ∈ J. We denote two tensors or bilinear forms in the same way, provided they are
obtained one from another via either a reduction modulo some ideal or a scalar extension.
The notations r, N , Ar,1,N , Mr, µh : Gm,C → GC, (GSp(W,ψ),Y), L, K(N), Kp,
E(G,X) →֒ C, Sh(G,X), ShC(G,X) = Sh(G,X)/C, v, k(v), e(v), O(v), f : (G,X) →֒
(GSp(W,ψ),Y), L(p) := L⊗ZZ(p), GZ(p) , H = Kp∩GQp(Qp) = GZ(p)(Zp), f0 : Sh(G,X)→
Sh(GSp(W,ψ),Y)E(G,X), fp : ShH(G,X)→ ShKp(GSp(W,ψ),Y)E(G,X), N, N
s, and (A, λA)
will be as in Subsections 1.1, 1.3, and 1.4. Let d := dimC(X) ∈ N and l := dim(G) ∈ N.
2.2. On the injective map f . Let H(p) be an arbitrary compact, open subgroup of
G(A
(p)
f ) such that H × H
(p) 6 K(N). As f0 : Sh(G,X) → Sh(GSp(W,ψ),Y)E(G,X) is a
closed embedding, the induced morphisms fp : ShH(G,X) → ShKp(GSp(W,ψ),Y)E(G,X)
and fH(p) : ShH×H(p)(G,X) → ShK(N)(GSp(W,ψ),Y)E(G,X) are pro-finite and finite (re-
spectively). Thus we can speak about the normalization Q of Ar,1,N,O(v) (equivalently,
of the schematic closure in Ar,1,N,O(v) of the image of fH(p)) in the ring of fractions
of ShH×H(p)(G,X). We recall that every O(v)-scheme of finite type is excellent (for in-
stance, cf. [Ma, (34.A) and (34.B)]). The O(v)-scheme Ar,1,N,O(v) is quasi-projective (cf.
property 1.1 (i)) and thus it is also excellent. Therefore the O(v)-scheme Q is normal,
quasi-projective, faithfully flat, has a relative dimension equal to dim(ShH×H(p)(G,X)) =
dimC(X) = d, and is finite over the O(v)-scheme Ar,1,N,O(v).
Let Qs be the smooth locus of Q over O(v); it is an open subscheme of Q. As
Sh(GSp(W,ψ),Y) is a pro-e´tale cover ofAr,1,N,Q = ShK(N)(GSp(W,ψ),Y), the groupK(N)
acts freely on Sh(GSp(W,ψ),Y). Thus the subgroup H × H(p) of K(N) acts freely on
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Sh(GSp(W,ψ),Y) and therefore also on Sh(G,X). Thus QE(G,X) = ShH×H(p)(G,X) is a
smooth E(G,X)-scheme and therefore it is the open subscheme QsE(G,X) of Q
s.
2.2.1. Fact. The finite morphism fp : ShH(G,X)→ ShKp(GSp(W,ψ),Y)E(G,X) is in fact
a closed embedding.
Proof: As f0 is a closed embedding, it suffices to show the map fp(C) : ShH(G,X)(C) →
ShKp(GSp(W,ψ),Y)E(G,X)(C) is injective. But we have canonical identifications
ShH(G,X)(C) = G(Q)\[X×G(Af )]/H
and
ShKp(GSp(W,ψ),Y)E(G,X)(C) = GSp(W,ψ)(Q)\[Y×GSp(W,ψ)(Af)]/Kp
(cf. [De2, Cor. 2.1.11]) and based on this and the fact that the intersections G(A
(p)
f ) ∩
H and GSp(W,ψ)(A
(p)
f ) ∩ Kp are the trivial subgroups of G(Af ) and GSp(W,ψ)(Af)
(respectively), one easily gets that fp(C) is an injective map. 
2.2.2. Proposition. The following three properties hold:
(a) The O(v)-scheme N is a pro-e´tale cover of Q and Q is the quotient of N by H
(p).
(b) The morphism N→Mr,O(v) is finite.
(c) We assume e(v) ≤ p − 1. If Z is a regular, formally smooth scheme over a
discrete valuation ring O which is of index of ramification at most p− 1 and is a faithfully
flat O(v)-algebra, then each morphism ZE(G,X) → NE(G,X) extends uniquely to a morphism
Z → N of O(v)-schemes.
Proof: Let N1 ∈ NN \ pN. Let N2 := N . For i ∈ {1, 2} we write K(Ni) = Kp ×K(Ni)
(p),
where the group K(Ni)
(p) is a compact, open subgroup of GSp(W,ψ)(A
(p)
f ). The scheme
Mr is a pro-e´tale cover of Mr/K(Ni)
(p) = Ar,1,Ni . Let Hi be a compact, open subgroup
of G(A
(p)
f )∩K(Ni)
(p); thus Sh(G,X) is a pro-e´tale cover of ShH×Hi(G,X). The morphism
ShH×Hi(G,X)C → Ar,1,Ni,C is of finite type and a formally closed embedding at each C-
valued point of ShH×Hi(G,X)C. Let Qi be the normalization of Ar,1,Ni,O(v) in the ring of
fractions of ShH×Hi(G,X); it is a finite Ar,1,Ni,O(v)-scheme and a normal, quasi-projective,
faithfully flat O(v)-scheme of relative dimension d.
As N1 ∈ N2N
∗, we have K(N1)
(p) 6 K(N2)
(p). We assume H1 is a normal subgroup
of H2. The natural morphism q12 : Q1 → Q2 ×Ar,1,N2,O(v) Ar,1,N1,O(v) of normal schemes
is finite. We check that q12,E(G,X) is an open closed embedding. As q12,E(G,X) is a finite,
e´tale morphism between normal E(G,X)-schemes of finite type, it is enough to check that
the map q12(C) : Q1(C)→ Q2(C)×Ar,1,N2,O(v) (C) Ar,1,N1,O(v)(C) is injective. We have
ShKp×Hi(GSp(W,ψ),Y)(C) = GSp(L, ψ)(Z(p))\[Y× (GSp(W,ψ)(A
(p)
f )/Hi)]
(for instance, cf. [Mi3, Prop. 4.11]). Also we have a natural disjoint union decomposition
(1) ShH×Hi(G,X)(C) = ⊔[gj ]∈G(Q)\G(Qp)/HCj\[X× (G(A
(p)
f )/Hi)],
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where gj ∈ G(Qp) is a representative of the class [gj] ∈ G(Q)\G(Qp)/H and where the
group Cj := G(Q) ∩ gjHg
−1
j does not depend on i ∈ {1, 2}. As we have an identity
GSp(W,ψ)(Qp) = GSp(W,ψ)(Q)Kp (cf. [Mi3, Lem. 4.9]), we can write gj = ajhj , where
aj ∈ GSp(W,ψ)(Q) and hj ∈ Kp. Thus
Cj 6 GSp(W,ψ)(Q)∩gjKpg
−1
j =GSp(W,ψ)(Q)∩ajKpa
−1
j = ajGSp(L, ψ)(Z(p))a
−1
j =: C
big
j .
We have Cj = G(Q) ∩ C
big
j . This is so as gjHg
−1
j is the group of Zp-valued points of the
schematic closure of G in ajGSp(L, ψ)Z(p)a
−1
j .
To show that the map q12(C) is injective, it suffices to show that each one of the
following commutative diagrams indexed by j
Cj\[X× (G(A
(p)
f )/H1)]
s1−−−−→ GSp(L, ψ)(Z(p))\[Y× (GSp(W,ψ)(A
(p)
f )/H1)]
π12
y
yπbig12
Cj\[X× (G(A
(p)
f )/H2))]
s2−−−−→ GSp(L, ψ)(Z(p))\[Y× (GSp(W,ψ)(A
(p)
f )/H2)],
is such that the maps π12 and s1 define an injective map of Cj\[X × (G(A
(p)
f )/H1)] into
the fibre product of s2 and π
big
12 . Here the maps π12 and π
big
12 are the natural projections.
The maps s1 and s2 are defined by the rule: the equivalence class [h, g], where h ∈ X and
g ∈ G(A
(p)
f ), is mapped to the equivalence class [a
−1
j h, a
−1
j g]. Thus the fact that π12 and
s1 define an injective map of Cj\[X× (G(A
(p)
f )/H1)] into the fibre product of s2 and π
big
12
is a direct consequence of the identity Cj = G(Q) ∩ C
big
j . Thus q12(C) is injective.
Therefore q12,E(G,X) is an open closed embedding. As q12 is also a finite morphism
of normal, flat O(v)-schemes of finite type, q12 itself is an open closed embedding. Thus
Q1 is an e´tale cover of Q2 that in characteristic 0 is an e´tale cover which (as H1 ⊳ H2)
induces Galois covers between connected components. Therefore Q1 is an e´tale cover of Q2
which induces Galois covers between connected components. This implies that Q2 is the
quotient of Q1 under the natural action of H2/H1 on it.
By allowing H1 to vary among the normal, open subgroups of H2 and by a natural
passage to limits, we get that N is a pro-e´tale cover of Q2 and that Q2 = N/H2. Thus by
taking H2 = H
(p), we get that Q = Q2 and that (a) holds.
As each morphism q12 : Q1 → Q2 ×Ar,1,N2,O(v) Ar,1,N1,O(v) is an open closed embed-
ding, by allowing H1 to vary through all normal, open subgroups of H2 we get that N is
an open closed subscheme of Q2 ×Ar,1,N2,O(v) Mr,O(v) and thus (b) holds.
To prove (c), we recall that Z is a healthy regular scheme in the sense of either [V1,
Def. 3.2.1 2)] or [V2] (cf. [VZ, Cor. 5]). Thus (c) is implied by the property 1.1 (iii) and
[V1, Ex. 3.2.9 and Prop. 3.4.1], cf. definitions [V1, Def. 3.2.3 2), 3), and 6)]. 
2.2.3. Remark. Similar arguments to the ones that checked that N is a pro-e´tale cover
of N/H2 can be used to check that the right action of G(A
(p)
f ) on N is indeed a continuous
action in the sense of [De2, Subsubsect. 2.7.1] and in what follows we will use this property
without any extra comment.
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2.2.4. Lemma. The scheme Ns is an open subscheme of N and NsE(G,X) = NE(G,X).
Moreover, if Nsk(v) is a non-empty scheme, then N
s together with the resulting action of
G(A
(p)
f ) on it is a regular, formally smooth integral model of ShH(G,X) over O(v).
Proof: As N is a pro-e´tale cover of the excellent, quasi-projectiveO(v)-scheme Q (see Propo-
sition 2.2.2 (a)), Ns is a pro-e´tale cover of Qs. Thus Ns is an open subscheme of N. As
QE(G,X) = Q
s
E(G,X), we have N
s
E(G,X) = NE(G,X). The open subscheme N
s of N is G(A
(p)
f )-
invariant. As G(A
(p)
f ) acts continuously on N, it also acts continuously on N
s. Thus if
the scheme Nsk(v) is non-empty, then N
s together with the resulting continuous action of
G(A
(p)
f ) on it is a regular, formally smooth integral model of ShH(G,X) over O(v). 
2.2.5. Fact. We assume that there exists a simple factor G1 of G
ad
Q
which is an SO2n+1
group for some n ∈ N∗. Let G2 be the semisimple, normal subgroup of GQ whose adjoint
is naturally identified with G1. Then G2 is a Spin2n+1 group.
Proof: The representation of Lie(G2) on W ⊗Q Q is non-trivial and its irreducible subrep-
resentations are associated to the weight ̟n of the Bn Lie type, cf. [Mi3, p. 456]. This
implies that G2 is a Spin2n+1 group. 
2.2.6. Lemma. If the Q–rank of the adjoint group Gad is 0, then Q is a projective
O(v)-scheme.
Proof: Let G′ be the smallest subgroup of G such that every element h ∈ X factors through
G′R. It is a normal, reductive subgroup of G that contains G
der; thus we have G′ad =
Gad. Let h′ ∈ X be an element such that G′ is the smallest subgroup of GLW with the
property that h′ factors through G′R. We can assume that the C-valued point [h
′, 1W ] ∈
ShH×H(p)(G,X) is definable over a number field (here 1W is the identity element of G(Af )
modulo H(p)) and that 2πiψ is a principal polarization of the Hodge Z-structure on L
defined by h′. Thus G′ is the Mumford–Tate group of the principally polarized Hodge
Z–structure on L defined by h′ and ψ and this principally polarized Hodge Z–structure is
associated naturally to a principally polarized abelian scheme over a number field.
Let X′ be the G′(R)-conjugacy class of h′. The pair (G′,X′) is a Shimura pair whose
reflex field and dimension are E(G,X) and d (respectively). Let H ′ := H ∩ G′(Qp) and
H ′(p) := H(p)∩G′(A
(p)
f ). As the Q–rank of G
′ad = Gad is 0, as in [V4, Prop. 2.7] we argue
that the normalization Q′ of Ar,1,N,O(v) in ShH′×H′(p)(G
′,X′) is a projective O(v)-scheme
provided the Morita conjecture holds for all abelian varieties over number fields. We recall
from [P], [V4], and [Lee], that the Morita conjecture predicts that each abelian variety over
a number field with the property that a pull-back of it over C has a Mumford–Tate group
whose adjoint has Q–rank 0, has potentially good reduction everywhere. As the Morita
conjecture holds (see [Lee]), we conclude that Q′ is a projective O(v)-scheme.
The Shimura variety Sh(G′,X′) is a closed subscheme of Sh(G,X) of the same di-
mension d and therefore it is an open closed subscheme of Sh(G,X). Thus each con-
nected component of the normalization of Ar,1,N,O(v) (equivalently of Q) in the ring of
fractions of Sh(G,X) is a G(Af )-translation of a connected component of the normaliza-
tion of Ar,1,N,O(v) (equivalently of Q
′) in the ring of fractions of Sh(G′,X′).
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As Q′ is a projective O(v)-scheme, from the previous paragraph we get directly that
Q is a projective O(v)-scheme. 
2.3. Tensors. The image of each h ∈ X contains Z(GLW⊗QR). Thus Z(GLW ) 6 G and
therefore each tensor of T(W∨) fixed by G belongs to the direct summand ⊕u∈NW
∨⊗u⊗Q
W⊗u of T(W∨). We consider a family of tensors (vα)α∈J in
⊔∞
u=0W
∨⊗u⊗QW
⊗u ⊆ T(W∨)
such that G is the subgroup of GLW that fixes vα for all α ∈ J, cf. [De3, Prop. 3.1 c)].
Let T : End(W⊗QQp)×End(W⊗QQp)→ Qp be the trace form on End(W⊗QQp). If
♭ is a reductive subgroup of GLW⊗QQp , then the restriction of T to Lie(♭) is non-degenerate
(cf. Lemma A2 (b)). Let π♭ be the projector of End(W ⊗Q Qp) on Lie(♭) along the
perpendicular on Lie(♭) with respect to T. If GQp normalizes ♭, then GQp fixes π♭.
2.3.1. Complex manifolds. For a smooth C-scheme Y , let Y an be the complex manifold
associated naturally to Y . It is well known that for each u ∈ N∗ and for every abelian
scheme Π : C → Y , we have a natural isomorphism
(2) RuΠan∗ (C)
∼→RuΠan∗ (Ω
∗
Can/Y an)
∇anC
of complex sheaves on Y an. Here Πan : Can → Y an is the morphism of complex manifolds
associated naturally to Π and ∇anC is the connection on R
uΠan∗ (Ω
∗
Can/Y an) induced by the
Gauss–Manin connection on RuΠ∗(Ω
∗
C/Y ).
2.3.2. Hodge cycles. We will use the terminology of [De3] on Hodge cycles on an abelian
scheme BX over a reduced Q–scheme X . Thus we write each Hodge cycle v on BX as a pair
(vdR, ve´t), where vdR and ve´t are the de Rham and the e´tale component of v (respectively).
The e´tale component ve´t as its turn has an l-component v
l
e´t, for each rational prime l.
In what follows we will be interested only in Hodge cycles on BX that involve no
Tate twists and that are tensors of different essential tensor algebras. Accordingly, if X is
the spectrum of a field E, then in applications vpe´t will be a suitable Gal(E/E)-invariant
tensor of T(H1e´t(BX ,Qp)), where X := Spec E. If moreover E is a subfield of C, then we
will also use the Betti realization vB of v: it is a tensor of T(H
1((BX ×X Spec C)
an,Q))
that corresponds to vdR (resp. to v
l
e´t) via the canonical isomorphism that relates the Betti
cohomology of (BX ×X Spec C)
an with Q–coefficients with the de Rham (resp. the Ql
e´tale) cohomology of BX (see [De3, Sect. 2]). We recall that vB is also a tensor of the
F 0-filtration of the Hodge filtration of T(H1((BX ×X Spec C)
an,C)).
2.3.3. On AE(G,X). The choice of the Z-lattice L ofW and of the family of tensors (vα)α∈J
allows a moduli interpretation of Sh(G,X) (see [De1,2], [Mi3], and [V1, Subsect. 4.1, Lem.
4.1.3]). For instance, Sh(G,X)(C) = G(Q)\(X×G(Af )) is the set of isomorphism classes of
principally polarized abelian varieties over C of dimension r, that carry a family of Hodge
cycles indexed by J, that have compatible level-N symplectic similitude structures for each
N ∈ N∗, and that satisfy few axioms. Thus the abelian scheme AE(G,X) over NE(G,X) is
endowed with a family (wAα )α∈J of Hodge cycles; all realizations of pull-backs of w
A
α via
C-valued points of NsE(G,X) correspond naturally to vα.
2.3.4. Lemma. Let w ∈ Sh(G,X)(C). We denote also by w the C-valued point of N
defined by w; thus we can define (Aw, λAw) := w
∗((A, λA)). Let u
w
α (resp. t
w
α ) be the
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p-component of the e´tale component (resp. be the de Rham component) of the Hodge cycle
w∗(wAα ) on Aw. We have:
(a) There exist isomorphisms (H1e´t(Aw,Zp), (u
w
α)α∈J)
∼→ (L∨(p)⊗Z(p) Zp, (vα)α∈J) that
take the perfect bilinear form on H1e´t(Aw,Zp) defined by λAw to a Gm,Zp(Zp)-multiple of
the perfect bilinear form ψ∨ on L∨(p) ⊗Z(p) Zp defined by ψ.
(b) There exists isomorphisms (H1dR(Aw,C), (t
w
α)α∈J)
∼→ (W∨ ⊗Q C, (vα)α∈J).
Proof: We write w = [hw, gw] ∈ Sh(G,X)(C) = G(Q)\(X × G(Af )), where hw ∈ X and
gw ∈ G(Af ). From the standard moduli interpretation of Sh(G,X)(C) applied to w ∈
Sh(G,X)(C) we get (see [Di1], [Mi2,3], and [V1, p. 454]) that the complex manifold Aanw
associated to Aw is Lw\W ⊗Q C/F
0,−1
w , where:
(i) Lw is the Z-lattice of W defined uniquely by the identity Lw ⊗Z Ẑ = gw(L⊗Z Ẑ);
(ii) W ⊗Q C = F
0,−1
w ⊕ F
−1,0
w is the usual Hodge decomposition of the Hodge Q–
structure on W defined by hw ∈ X;
(iii) the principal polarization λAw of Aw is defined naturally by a uniquely deter-
mined (non-zero) rational multiple of ψ;
(iv) under the canonical identifications H1dR(Aw/C) = H
1
dR(A
an
w /C) = W
∨ ⊗Q C =
L∨w ⊗Z C, the tensor t
w
α gets identified with vα for all α ∈ J.
Thus (H1e´t(Aw,Zp), (u
w
α)α∈J) is identified naturally with (L
∨
w ⊗Z Zp, (vα)α∈J) (cf.
(iv)) and therefore also with a GQp(Qp)-conjugate of (L
∨
(p)⊗Z(p) Zp, (vα)α∈J) (cf. (i)). Part
(a) follows from this and from the existence of the rational multiple of ψ mentioned in the
property (iii). Part (b) is implied by the property (iv). 
2.3.5. Lemma. Let m ∈ N. Let R1 := C[[x1, . . . , xm]], where x1, . . . , xm are in-
dependent variables. Let I1 := (x1, . . . , xm) be the maximal ideal of R1. Let s ∈ N
∗.
Let Aw,s be an abelian scheme over R1/I
s
1 that is a deformation of Aw (i.e., we have
Aw = Aw,s ×Spec R1/Is1 Spec R1/I1) and which has a principal polarization. Then there
exists a unique isomorphism
Iw,s : H
1
dR(Aw,s/(R1/I
s
1))
∼→H1dR(Aw/C)⊗C R1/I
s
1
that has the following two properties:
(i) it lifts (i.e., modulo I1/I
s
1 is) the identity automorphism of H
1
dR(Aw/C);
(ii) under it, the Gauss–Manin connection on H1dR(Aw,s/(R1/I
s
1)) becomes isomor-
phic to the flat connection δ on the R1/I
s
1-module H
1
dR(Aw/C) ⊗C R1/I
s
1 that annihilates
H1dR(Aw/C)⊗ 1.
Proof: The uniqueness of Iw,s is implied by the fact that H
1
dR(Aw/C) ⊗ 1 is the set of
elements ofH1dR(Aw/C)⊗CR1/I
s
1 that are annihilated by δ. We consider an abelian scheme
Π : AY → Y over a smooth C-scheme Y of dimension m which is a global deformation of
Aw,s → Spec R1/I
s
1 and which has a principal polarization. Let Z
an be a simply connected
open submanifold of Y an that contains the C-valued of Y point defined naturally by Aw.
We identify naturally Spec R1/I
s
1 with a complex subspace of Y
an and thus also of Zan.
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We apply Formula (2) with u = 1 and with Π : C → Y replaced by Π : AY → Y . The
pull-back of R1Πan∗ (C) to Z
an is a constant sheaf on Zan. Thus by pulling back Formula
(2) to the complex subspace Spec R1/I
s
1 of Z
an, we get directly the existence of Iw,s. 
2.3.6. Corollary. Let m, R1, and I1 be as in Lemma 2.3.5. Let Aw,∞ be an abelian
scheme over R1 that is a deformation of Aw and that has a principal polarization. Then
there exists a unique isomorphism
Iw,∞ : H
1
dR(Aw,∞/R1)
∼→H1dR(Aw/C)⊗C R1
that has the following two properties:
(i) it lifts (i.e., modulo I1 is) the identity automorphism of H
1
dR(Aw/C);
(ii) under it, the I1-completion of the Gauss–Manin connection on H
1
dR(Aw,∞/R1)
becomes isomorphic to the I1-completion of the flat connection δ on the R1-module H
1
dR(Aw/C)⊗C
R1 that annihilates H
1
dR(Aw/C)⊗ 1.
If wR1α (resp. λAw,∞) is a Hodge cycle on (resp. a principal polarization of) Aw,∞
that lifts the Hodge cycle w∗(wAα ) on Aw (resp. lifts the principal polarization λAw of Aw),
then the isomorphism Iw,∞ : T(H
1
dR(Aw,∞/R1))
∼→T(H1dR(Aw/C))⊗CR1 induced naturally
by Iw,∞ takes the de Rham realization of w
R1
α (resp. of λAw,∞) to t
w
α (resp. to the de Rham
realization of λAw).
Proof: The existence and the uniqueness of Iw,∞ follow from Lemma 2.3.5 by taking s→
∞. It is well known that each de Rham component of a Hodge cycle on Aw,∞ is annihilated
by the Gauss–Manin connection on T(H1dR(Aw,∞/R1)). For instance, this follows from
[De3, Prop. 2.5] via a natural algebraization process. Thus Iw,∞(w
R1
α ) and t
w
α are tensors
of T(H1dR(Aw/C))⊗CR1 which are annihilated by the I1-completion of the flat connection
on T(H1dR(Aw/C))⊗C R1 induced by δ and which modulo I1 coincide. Therefore the two
tensors coincide i.e., we have Iw,∞(w
R1
α ) = t
w
α . A similar argument shows that Iw,∞ takes
λAw,∞ to the de Rham realization of λAw . 
3. Crystalline applications
Theorem 3.1 recalls a variant of the main result of [dJ]. In Subsection 3.2 we first
introduce several notations required to prove Theorems 1.5 and 1.7 and then we apply
the main result of [V8] in the form recalled in Theorem B3. In Subsection 3.3 we apply
the deformation theory of [Fa2, Sect. 7]. Subsection 3.4 proves the Basic Theorem 1.5.
Subsection 3.5 lists few simple crystalline properties that are required in Sections 4 and 5.
Subsection 3.6 proves Proposition 1.6. In this section we assume that e(v) = 1.
For (crystalline or de Rham) Fontaine comparison theory we refer to [Fo], [Fa2,
Sect. 5], and [V8]; see also Subsections B2 and B9. We recall that k is a perfect field of
characteristic p. As the Verschiebung maps of p-divisible groups are not mentioned at all
in what follows, we use the terminology F -crystals (resp. filtered F -crystals) associated
to p-divisible groups over k, k[[x]], or k((x)) (resp. over W (k) or W (k)[[x]]) instead of the
terminology Dieudonne´ F -crystals (resp. filtered Dieudonne´ F -crystals) of [BBM, Ch. 3]
and [BM, Chs. 2 and 3].
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Let x be an independent variable. The simplest form of [dJ, Thm. 1.1] says:
3.1. Theorem (de Jong). The natural functor from the category of F -crystals over
k[[x]] to the category of F -crystals over k((x)) is fully faithful.
3.2. Basic setting. From now on until the end, the field k will be assumed to be
algebraically closed and we will use the notations of Subsection 2.1. Let z ∈ N(W (k)). Let
(A, (wα)α∈J, λA) := z
∗(A, (wAα )α∈J, λA).
Let
(M,F 1, φ, ψM)
be the principally quasi-polarized filtered F -crystal over k of the principally quasi-polarized
p-divisible group (D, λD) of (A, λA). Thus ψM : M ×M → W (k) is a perfect alternating
form on the free W (k)-module M of rank 2r, F 1 is a maximal isotropic submodule of
M with respect to ψM , φ : M → M is a σ-linear endomorphism such that we have
pM ⊂ φ(M), and for all a, b ∈ M we have ψM (φ(a), φ(b)) = pσ(ψM (a, b)). The σ-linear
automorphism φ ofM [ 1p ] acts onM
∨[ 1p ] by mapping e ∈M
∨[ 1p ] to σ ◦e◦φ
−1 ∈M∨[ 1p ] and
it acts on T(M)[ 1p ] in the natural tensor product way. We have a canonical identification
of Gal(B(k))-modules (cf. property B8 (ii)):
(3) H1(D) = H1
e´t
(A
B(k)
,Zp).
Let tα and uα be the de Rham component of wα and the p-component of the
e´tale component of wα (respectively). We have uα ∈ T(H
1(D))[ 1
p
] for all α ∈ J. If
(F i(T(M)))i∈Z is the filtration of T(M) defined by F
1, then we have tα ∈ F
0(T(M))[ 1
p
]
for all α ∈ J. Let G be the schematic closure in GLM of the subgroup of GLM [ 1p ] that fixes
tα for all α ∈ J; it is a flat, affine group scheme over W (k). It is known that wα is a de
Rham cycle i.e., tα and uα correspond to each other via de Rham and thus also crystalline
Fontaine comparison theory (see [V7, Thm. 5.1.6 and Cor 5.1.7]). Thus φ(tα) = tα for all
α ∈ J.
Let µ : Gm,W (k) →GLM be the inverse of the canonical split cocharacter of (M,F
1, φ)
defined in [W, p. 512]. The cocharacter µ acts on F 1 via the weight −1 and fixes a direct
supplement F 0 of F 1 inM ; therefore we haveM = F 1⊕F 0. Moreover, µ fixes each tensor
tα (cf. the functorial aspects of [W, p. 513]). Thus µ factors through G. Let
µ : Gm,W (k) → G
be the resulting factorization. We emphasize that in connection to different Kodaira–
Spencer maps, in what follows we will identity naturally Hom(F 1, F 0) with the direct
summand {e ∈ End(M)|e(F 0) = 0, e(F 1) ⊆ F 0} ∼→ Hom(M/F 0, F 0) of End(M).
3.2.1. Lemma. The direct summand Lie(GB(k)) ∩ Hom(F
1, F 0) of End(M) has rank d.
Moreover GB(k) is a form of GB(k) and thus a reductive group.
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Proof: To prove the lemma we can assume that k has countable transcendental degree;
thus there exists an O(v)-monomorphism W (k) →֒ C. Let FB(k) be the normalizer of
F 1[ 1p ] in GB(k). Its Lie algebra is equal to Lie(GB(k))∩{e ∈ End(M)[
1
p ]|e(F
1[ 1p ]) ⊆ F
1[ 1p ]}.
As µ factors through G, we have a direct sum decomposition Lie(GB(k)) = Lie(FB(k)) ⊕
(Lie(GB(k)) ∩ Hom(F
1[ 1p ], F
0[ 1p ])) of B(k)-vector spaces. Thus the rank of Lie(GB(k)) ∩
Hom(F 1, F 0) is dimB(k)(Lie(GB(k))) − dimB(k)(Lie(FB(k))) and therefore it is also equal
to dim(GB(k)/FB(k)).
We will use the notations of the proof of Lemma 2.3.4 for a point w ∈ Sh(G,X)(C)
that lifts the C-valued point of NE(G,X) defined naturally by the generic fibre of z and the
O(v)-monomorphism W (k) →֒ C. Let W
∨⊗QC = F
1,0
w ⊕F
0,1
w be the Hodge decomposition
defined by hw ∈ X (it is the dual of the Hodge decomposition of the property (ii) of the
proof of Lemma 2.3.4). We have a natural isomorphism (M ⊗W (k) C, (tα)α∈J)
∼→ (W∨ ⊗Q
C, (vα)α∈J) that takes F
1 ⊗W (k) C to F
1,0
w , cf. Subsection B9 and Lemma 2.3.4 (b).
Thus GB(k) is a form of GB(k), FB(k) is a parabolic subgroup of GB(k), and we have
dim(GB(k)/FB(k)) = dim(GC/Pw), where Pw is the parabolic subgroup of GC which is the
normalizer of F 1,0w in GC. But GC/Pw is the compact dual of any connected component of
X. Thus dim(GC/Pw) = d and therefore Lie(GB(k)) ∩ Hom(F
1, F 0) has rank d. 
3.2.2. Key Theorem. If p = 2, then we assume that D is a direct sum of connected and
e´tale p-divisible groups (for instance, this holds if GZ(p) is a torus). We have:
(a) There exist isomorphisms
(M, (tα)α∈J)
∼→ (H1e´t(AB(k),Zp)⊗Zp W (k), (uα)α∈J)
∼→ (L∨(p) ⊗Z(p) W (k), (vα)α∈J).
(b) The group scheme G is isomorphic to GW (k) = GZ(p) ×Spec Z(p) Spec W (k).
Proof: The existence of an isomorphism (M, (tα)α∈J)
∼→ (H1e´t(AB(k),Zp)⊗ZpW (k), (uα)α∈J)
follows from Theorem B3 applied to the pair (D, (tα)α∈J) and from Formula (3). Thus
it suffices to prove (a) under the extra assumption that k has a countable transcenden-
tal degree. This implies that there exists an E(G,X)-monomorphism B(k) →֒ C. Let
w ∈ NE(G,X)(C) be the composite of the resulting morphism Spec C→ Spec B(k) with the
generic fibre of z. There exist isomorphisms (H1e´t(AB(k),Zp)⊗ZpW (k), (uα)α∈J)
∼→ (L∨(p)⊗Z(p)
W (k), (vα)α∈J) (cf. Lemma 2.3.4 (a)) and thus (a) holds. Part (b) follows from (a). 
3.2.3. Lemma. Let GvQp be a normal, reductive subgroup of GQp with the property
that there exists a cocharacter Gm,B(k(v)) → G
v
B(k(v)) whose extension to C via an O(v)-
monomorphism B(k(v)) →֒ C is G(C)-conjugate to the cocharacters µh of GC introduced
in Subsection 1.3 (h ∈ X). Let GvB(k) be the normal, reductive subgroup of GB(k) which
corresponds to GvQp via Fontaine comparison theory, cf. Lemma B5.1 (a) and Lemma
2.3.4 (a). Then µ factors through the schematic closure Gv of GvB(k) in G.
Proof: We fix a W (k(v))-monomorphism W (k) →֒ C. We have canonical isomorphisms
(M⊗W (k)C, (tα)α∈J)
∼→ (W∨⊗QC, (vα)α∈J) such that F
1⊗W (k)C is mapped to the Hodge
filtration ofW∨⊗QC defined by a cocharacter µh : Gm,C → GC with h ∈ X (see Subsection
B9 and Lemma 2.3.4 (b)). We know that µC is G(C)-conjugate to some (any) µh, cf. Lemma
B9.1. From this and the very definition of GvQp we get that µ factors through G
v. 
17
3.3. Local deformation. Let G′ be the universal smoothening of G, cf. A1. As GB(k) =
G′B(k) is a form of GB(k), it is a reductive group over B(k) of dimension l. Thus the relative
dimension of G′ over Spec W (k) is also l. Let R be the completion of the local ring of G′
at the identity element of G′k. Let guniv ∈ G
′(R) be the natural (universal) element. Let U
be the connected, unipotent, smooth, closed subgroup scheme of either G of G′ whose Lie
algebra is Lie(GB(k)) ∩ Hom(F
1, F 0) (cf. Subsubsection B6.3).
We choose an identification R = W (k)[[x1, . . . , xl]] such that the identity section of
G′ is defined by the ideal I := (x1, . . . , xl) of R. Let ΦR be the Frobenius lift of R that
is compatible with σ and that takes xi to x
p
i for all i ∈ {1, . . . , l}. Let ΩˆR/W (k) be the
I-adic completion of ΩR/W (k); it is a free R-module that has {dx1, . . . , dxl} as an R-basis.
Let dΦR : ΩˆR/W (k) → ΩˆR/W (k) be the differential map of ΦR. Let MR :=M ⊗W (k) R and
F 1R := F
1 ⊗W (k) R. We consider the ΦR-linear endomorphism
Φ := guniv(φ⊗ ΦR) :MR →MR.
Let ∇ : MR → MR ⊗R ΩˆR/W (k) be the unique connection on MR such that we have
∇ ◦ Φ = (Φ⊗ dΦR) ◦ ∇, cf. Subsection B6. The connection ∇ is integrable and nilpotent
modulo p, cf. Subsection B6. See properties (i) of (iii) of Subsubsection B6.3 for three
main properties of ∇.
The W (k)-algebra R is complete in the I-topology and moreover we have ΦR(I) ⊆
Ip. This implies that each element of Ker(Gm,W (k)(R) → Gm,W (k)(R/I)) is of the form
βΦR(β
−1) for some element β ∈ Ker(Gm,W (k)(R) → Gm,W (k)(R/I)). As guniv takes
ψM to a Ker(Gm,W (k)(R) → Gm,W (k)(R/I))-multiple of ψM , we get that there exists a
Ker(Gm,W (k)(R) → Gm,W (k)(R/I))-multiple ψMR of the perfect alternating form ψM on
MR such that we have an identity
ψMR(Φ(a),Φ(b)) = pΦR(ψMR(a, b))
for all a, b ∈MR. As 1 is the only element of Ker(Gm,W (k)(R)→ Gm,W (k)(R/I)) fixed by
ΦR, this Ker(Gm,W (k)(R)→ Gm,W (k)(R/I))-multiple ψMR of ψM is uniquely determined.
There exists a unique principally quasi-polarized p-divisible group (DR, λDR) over R
which modulo I is (D, λD) and whose principally quasi-polarized filtered F -crystal over
R/pR is (MR, F
1
R,Φ,∇, ψMR), cf. Lemmas B6.1 and B6.2.
Let (BR, λBR) be the principally polarized abelian scheme over R which modulo I
is (A, λA) and whose principally quasi-polarized p-divisible group is (DR, λDR), cf. Serre–
Tate deformation theory and Grothendieck algebraization theorem. Let
τR : Spec R→Mr
be the natural morphism that corresponds to (BR, λBR) and its level-N symplectic simili-
tude structures which lift those of (A, λA) (here N ∈ N\(pN∪{1, 2})). We have a canonical
identification H1dR(BR/R) =MR =M ⊗W (k) R, cf. [Be, Ch. V, Subsect. 2.3] and [BBM,
Prop. 2.5.8]. Under this identification, the following two properties hold:
(i) the perfect form on MR defined by the principal polarization λBR of BR gets
identified with ψMR ;
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(ii) for all s ∈ N∗, the connection on H1dR(BR/R)/I
sH1dR(BR/R) = MR/I
sMR
induced by ∇ is the Gauss–Manin connection of BR ×Spec R Spec R/I
s (cf. [Be, Ch. V,
Prop. 3.6.4] and the fact that R/Is is p-adically complete).
3.3.1. Theorem (Faltings). The tensor tα ∈ T(M) ⊗W (k) R[
1
p
] = T(MR)[
1
p
] is the de
Rham component of a Hodge cycle on BR[ 1p ].
Proof: We recall that BR is a deformation of A over R. As tα ∈ T(M)[
1
p
] is the de Rham
component of the Hodge cycle wα on AB(k) and due to the property (i) of Subsubsection
B6.3, the theorem is a result of Faltings whose essence is outlined in [V1, Rm. 4.1.5] and
whose complete proof is presented here.
As Ar,1,N is a quasi-projective Z(p)-scheme and as the set J is countable, it suffices
to prove the theorem in the case when there exists a morphism ek : Spec C→ Spec W (k).
We will view C as aW (k)-algebra via ek. Let R := C[[x1, . . . , xl]] and S := C[[x1, . . . , xd]].
Let I := IR and I0 be the maximal ideals of R and S (respectively).
Let (BR, (tα)α∈J, λBR) be the pull-back of (BR, (tα)α∈J, λBR) via the natural W (k)-
monomorphism R = W (k)[[x1, . . . , xl]] →֒ C[[x1, . . . , xl]] = R. To prove the theorem, it
suffices to show that the tensor tα ∈ T(M) ⊗W (k) R = T(MR ⊗R R) = T(H
1
dR(BR/R)) is
the de Rham component of a Hodge cycle on BR.
Let (CS, (w
S
α)α∈J, λCS) be the pull-back of (A, (w
A
α )α∈J, λA) via a formally e´tale
morphism Spec S → Ns whose composite with the closed embedding Spec C →֒ Spec S is
the point z◦ek ∈ N(C) = N
s(C). Let W := H1dR(CS/S). Let ψW be the perfect alternating
form on W defined by λCS . Let t
S
α ∈ T(W) be the de Rham component of w
S
α. Let ∆ be
the Gauss–Manin connection on W defined by CS. We recall that ψ
∨ is the alternating
form on W∨ (or on L∨(p)) defined naturally by ψ.
From Corollary 2.3.6 and (the proof of) Lemma 2.3.4 (b) we get that there exists
ε ∈ Q \ {0} for which there exist an isomorphism
I : (W, (tSα)α∈J, ψW)
∼→ (W∨ ⊗Q S, (vα)α∈J, εψ
∨)
under which the I0-completion of ∆ becomes the I0-completion of the flat connection on
W∨ ⊗Q S that annihilates W
∨ ⊗ 1. As there exist isomorphisms of (W∨ ⊗Q C, (vα)α∈J)
that take ψ∨ to εψ∨, we can assume that ε = 1. We fix an isomorphism I with ε = 1
and we view it as an identification. For each β ∈ Gm,C(R), there exist isomorphisms of
(W∨ ⊗Q R, (vα)α∈J) that take ψ
∨ to βψ∨. Thus, based on the construction of MR and on
either Lemma 2.3.4 (b) or the proof of Lemma 3.2.1, we get that there exist isomorphisms
IA : (MR ⊗R R, (tα)α∈J, ψMR)
∼→ (W∨ ⊗Q R, (vα)α∈J, ψ
∨).
By induction on s ∈ N∗ we show that there exists a unique morphism of C-schemes
Js : Spec R/I
s → Spec S
that has the following property:
(i) there exists an isomorphism ξs between the reduction of (BR, (tα)α∈J, λBR) mod-
ulo Is and J∗s ((CS, (t
S
α)α∈J, λCS)) which modulo I/I
s is defined by 1AC = 1CS×Spec SSpec C =
1BR×Spec RSpec C.
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As NsE(G,X) is a closed subscheme of Mr,E(G,X) (cf. Fact 2.2.1) and as Spec S→ N
s
is formally e´tale, the deformation (CS, λCS) of the principally polarized abelian variety
(A, λA)C is versal. Thus the Kodaira–Spencer map K of ∆ is injective and its image is a
free S-module of rank d. This implies the uniqueness of Js.
The existence of J1 is obvious. For s ≥ 2 the passage from the existence of Js−1 to
the existence of Js goes as follows. Let J
′
s : Spec R/I
s → Spec S be an arbitrary morphism
of C-schemes that lifts Js−1. Let ∆s be the connection on W⊗SR/I
s =W∨⊗QR/I
s which
is the extension of the connection ∆ on W via J ′s (the last identification is defined naturally
by I). Let ∇s be the Gauss–Manin connection on H
1
dR(BR/R) ⊗R R/I
s = MR ⊗R R/I
s
defined by BR ×Spec R Spec R/I
s; it is the extension of the connection ∇ on MR (cf.
property 3.3 (ii)) and thus it annihilates each tensor tα ∈ T(MR) ⊗R R/I
s (cf. property
(i) of Subsubsection B6.3). From Lemma 2.3.5 we get:
(ii) there exists a unique isomorphism IA,s :MR ⊗R R/I
s ∼→W∨ ⊗Q R/I
s which lifts
a fixed isomorphism between (MR ⊗R R ⊗R R/I, (tα)α∈J) = (H
1
dR(AC/C), (tα)α∈J) and
(W∨ ⊗Q C, (vα)α∈J) obtained as in Lemma 2.3.4 (b) and such that under it ∇s becomes
the flat connection δs on W
∨ ⊗C R/I
s that annihilates W∨ ⊗ 1.
We denote also by IA,s the isomorphism T(MR⊗R R/I
s) ∼→T(W∨ ⊗Q R/I
s) induced
by IA,s. As IA,s(tα) and vα are two tensors of W
∨ ⊗C R/I
s that are annihilated by δs
and that coincide modulo I/Is, we get that we have IA,s(tα) = vα for all α ∈ J. A similar
argument to the one involving ε ∈ Q \ {0} shows that we can assume that IA,s takes ψMR
to ψ∨. Thus we can choose IA such that it lifts IA,s. We will view the reduction IA,s of
IA modulo I
s as an identification. Therefore we will also identify ∇s = δs.
From the existence of I and the fact that IA,s is the reduction of IA modulo I
s, we
get that there exists an isomorphism
ζs : J
′∗
s ((W, (t
S
α)α∈J, ψW)) = (W
∨ ⊗Q R/I
s, (vα)α∈J, ψ
∨) ∼→
∼→ (MR ⊗R R/I
s, (tα)α∈J, ψMR) = (W
∨ ⊗Q R/I
s, (vα)α∈J, ψ
∨)
with the properties that it lifts the identity automorphism of W∨ ⊗Q C and that:
(iii) it respects the Gauss–Manin connections i.e., it takes ∆s to ∇s = δs.
From the uniqueness part of the property (ii) we also get that:
(iv) ζs modulo I
s−1 is the isomorphism defined by ξs−1;
Let F 1A,s and F
1
C,s be the Hodge filtrations of W
∨ ⊗Q R/I
s defined naturally by BR
and J ′∗s (CS) (respectively) via the above identifications. The direct summands F
1
A,s and
ζs(F
1
C,s) of W
∨ ⊗Q R/I
s coincide modulo Is−1/Is, cf. property (iv). Moreover, there exist
direct sum decompositions
W∨ ⊗Q R/I
s = F 1A,s ⊕ F
0
A,s = F
1
C,s ⊕ F
0
C,s
defined naturally by cocharacters µA,s and µC,s of the reductive subgroup scheme GR/Is
of GLW∨⊗QR/Is (here Gm,R/Is through µ∗,s fixes F
0
∗,s and acts via the weight −1 on F
1
∗,s).
20
Argument: the existence of µA,s is a direct consequence of the existence of the cocharacter
µ : Gm,W (k) → G (see paragraph before Lemma 3.2.1) and of the definition of F
1
R (see
Subsection 3.3) while the existence of µC,s is well known. As F
1
A,s and ζs(F
1
C,s) coincide
modulo Is−1/Is, we can choose µA,s and µC,s such that ζ
−1
s µA,sζs and µC,s commute and
thus coincide modulo Is−1/Is. Thus based on [DG, Vol. II, Exp. IX, Thm. 3.6], there exists
an element gs ∈ Ker(G(R/I
s)→ G(R/Is−1)) such that we have ζ−1s µA,sζs = gsµC,sg
−1
s .
1
We have ζs(gs(F
1
C,s)) = F
1
A,s.
The image of K is a free S-module that has rank d and that is equal to the image
of Lie(GS) into the codomain of K. Thus we can replace J
′
s by another morphism Js :
Spec R/Is → Spec S that lifts Js−1 and such that under it and IA,s the Hodge filtration F
1
C,s
gets replaced by gs(F
1
C,s). Thus ζs becomes the de Rham realization of an isomorphism ξs
between the reduction of (BR, (tα)α∈J, λBR) modulo I
s and J∗s ((CS, (t
S
α)α∈J, λCS)) which
lifts ξs−1, cf. deformation theory of abelian varieties. Thus the morphism Js has the
desired properties. This ends the induction.
Let J∞ : Spec R → Spec S be the morphism defined by Js’s (s ∈ N
∗). The isomor-
phism ξs is uniquely determined by the property (i) and this implies that ξs+1 lifts ξs.
Thus we get the existence of an isomorphism
ξ∞ : (BR, (tα)α∈J, λBR)
∼→ J∗∞((CS, (t
S
α)α∈J, λCS))
which modulo I is defined by 1AC . Therefore for each α ∈ J, the tensor tα ∈ T(M)⊗W (k)R
is the de Rham component of the Hodge cycle on BR which is the pull-back of the Hodge
cycle J∗∞(w
S
α) on J
∗
∞(CS) via the isomorphism BR
∼→ J∗∞(CS) that defines ξ∞. 
3.4. Proof of 1.5. In this subsection we prove the Basic Theorem 1.5. Let O be a
faithfully flat O(v)-algebra which is a discrete valuation ring of index of ramification 1.
We choose the field k such that we have a O(v)-monomorphism O →֒ W (k). Let Z be a
regular, formally smooth O-scheme equipped with a morphism χ : ZE(G,X) → ShH(G,X) =
NsE(G,X). Thus χ extends uniquely to a morphism χZ : Z → N, cf. Proposition 2.2.2 (c).
To prove Theorem 1.5 (a) we have to show that χZ factors through N
s. It suffices to
check this under the extra assumptions that O = W (k) and Z = Spec O. We will use the
notations of Subsection 3.2 for the point z := χZ ∈ N(W (k)).
Let y : Spec k →֒ NW (k) be the closed embedding defined by the special fibre of
z ∈ N(W (k)). Let Obigy (resp. Oy) be the completion of the local ring of y in Mr,W (k)
(resp. in NW (k)). As Q is a normal, flat O(v)-scheme of relative dimension d and as N
is a pro-e´tale cover of Q (cf. Proposition 2.2.2 (a)), the local ring Oy is normal and has
dimension 1 + d. The natural homomorphism ny : O
big
y → Oy (associated at y to the
morphism NW (k) →Mr,W (k)) is finite, cf. Proposition 2.2.2 (b). Let hz : O
big
y → R be the
W (k)-homomorphism that defines τR : Spec R→Mr.
Let S := W (k)[[x1, . . . , xd]] and let I0 := (x1, . . . , xd) be its ideal. We consider a
closed embedding cR : Spec S →֒ Spec R such that the following two properties hold (cf.
Subsubsection B6.5 and Lemma 3.2.1):
1 The original approach of Faltings used the strictness of filtrations of morphisms
between Hodge R-structures in order to get the existence of the element gs.
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(i) it is defined by a W (k)-epimorphism ez : R։ S satisfying ez(I) ⊆ I0 ⊆ S;
(ii) the pull-back of (MR, F
1
R,Φ,∇, ψMR) via the closed embedding Spec S/pS →֒
Spec R/pR, is a principally quasi-polarized filtered F -crystal over S/pS whose Kodaira–
Spencer map is injective and has an image equal to the direct summand Lie(U) ⊗W (k) S
of Hom(F 1, F 0)⊗W (k) S
∼→ Hom(F 1,M/F 1)⊗W (k) S.
From the property (ii) we get that the composite morphism τS := τR ◦cR : Spec S →
Mr is defined naturally by a W (k)-epimorphism s
big
z := ez ◦ hz : O
big
y ։ S.
The existence of the isomorphism ξ∞ (see the end of the proof of Theorem 3.3.1)
implies that the morphism τR : Spec R→M factors through N in such a way that modulo
the ideal I of R it defines the point z ∈ N(W (k)). Thus there exists a W (k)-epimorphism
sz : Oy ։ S such that we have s
big
z = sz ◦ ny i.e., the following diagram is commutative
Obigy
ny
−−−−→ Oy
hz
y
ysz
R
ez−−−−→ S.
By reasons of dimensions of local, noetherian, normal rings, the W (k)-epimorphism
sz : Oy ։ S is an isomorphism. Thus NW (k) is formally smooth at z and therefore z
factors through Ns. Therefore Theorem 1.5 (a) holds and y is a k-valued point of NsW (k).
As sz is an isomorphism, theW (k)-homomorphism ny : O
big
y → Oy is onto. Therefore
the natural W (k)-morphism NsW (k) → Mr,W (k) is a formally closed embedding at y ∈
NsW (k)(k). The role of z ∈ N(W (k)) is that of an arbitrary W (k)-valued of N (and thus
due to Theorem 1.5 (a)) of Ns. Thus the W (k)-morphism NsW (k) →Mr,W (k) is a formally
closed embedding at every k-valued point of NsW (k). Thus Theorem 1.5 (b) also holds.
We check that the statement 1.5 (c) holds. Let now Z be a smooth O(v)-scheme such
that we have a morphism χ : ZE(G,X) → ShH×H(P )(G,X). From Proposition 2.2.2 (b) and
Lemma 2.2.6 we get that N/H(p) has an e´tale cover which is projective. This implies that
N/H(p) is a proper O(v)-scheme. From this and the valuative criterion of properness, we get
that there exists an open subscheme UZ of Z such that it contains ZE(G,X), the complement
of UZ in Z has codimension in Z at least 2, and the morphism χ extends uniquely to a
morphism χUZ : UZ → N/H
(p). From the classical purity theorem of Nagata and Zariski
(see [G, Exp. X, Thm. 3.4 (i)]) we get that the pro-e´tale cover UZ ×N/H(p) N → UZ
extends uniquely to a pro-e´tale cover Z∞ → Z. From this and Theorem 1.5 (a) we get
that the natural morphism UZ ×N/H(p) N→ N extends uniquely to a morphism Z∞ → N.
This implies that the morphism χ extends uniquely to a morphism χZ : Z → N/H
(p).
Thus N/H(p) is a Ne´ron model of its generic fibre ShH×H(p) (G,X) over O(v) i.e., Theorem
1.5 (c) holds. This ends the proof of the Basic Theorem 1.5. 
3.5. Simple properties. We denote also by τR the factorization of τR : Spec R → Mr
through either N or (cf. Theorem 1.5 (a)) Ns which modulo I is the W (k)-valued point
z ∈ N(W (k)) = Ns(W (k)). As sz : Oy → S is a W (k)-isomorphism and as we have a
W (k)-epimorphism ez : R ։ S, the morphism τR : Spec R → N
s is formally smooth.
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Under the canonical identification H1dR(BR/R) =MR =M ⊗W (k) R, the pull-back of w
A
α
via the morphism Spec R[ 1
p
] → NE(G,X) = ShH(G,X) defined by τR, is a Hodge cycle on
BR[ 1p ] whose de Rham component is tα ∈ T(M)⊗W (k) R[
1
p
]. This follows either from the
existence of ξ∞ (see end of the proof of Theorem 3.3.1) or (in Faltings’ approach) from the
fact that there exists no non-trivial tensor of T(M)⊗W (k) I[
1
p ] fixed by Φ.
3.5.1. The open subscheme Nm of Ns. For p > 2 let Nm := Ns. If p = 2, then let
Nm be the maximal open subscheme of Ns with the property that for each algebraically
closed field k of characteristic p and for every z ∈ Nm(W (k)), the statement 3.2.2 (a) (and
thus also 3.2.2 (b)) holds. Thus regardless of the parity of p, for each such field k and for
every z ∈ Nm(W (k)), the statement 3.2.2 (a) holds. We now check that the following two
properties hold:
(i) Always Nm is a G(A
(p)
f )-invariant, open subscheme of N
s.
(ii) If the statement 3.2.2 (a) holds for z ∈ Ns(W (k)), then z ∈ Nm(W (k)).
The right translations of z by elements of G(A
(p)
f ) correspond to passages to isogenies
prime to p of the abelian scheme A. Thus the triple (M,φ, (tα)α∈J) depends only on the
G(A
(p)
f )-orbit of z. Thus if statement 3.2.2 (a) holds for z, then the statement 3.2.2 (a)
also holds for every point in the G(A
(p)
f )-orbit of z. This implies that (i) holds.
Let H(p), Q, and Qs be as in Subsection 2.2. By enlarging N we can assume that the
triple (A, (wAα )α∈J, λA) is the pull-back of an analogue triple T over Q. Let Spec Q be an
affine, open subscheme of Qs such that the composite zH(p) of z : Spec W (k) → N
s with
Ns → Qs factors through Spec Q. Let (MQ, (t
Q
α )α∈J, ψMQ) be the de Rham realization
of the pull-back TQ. Let F
1
Q be the direct summand of MQ which is the Hodge filtration
associated to T. By shrinking Spec Q, we can assume that MQ and F
1
Q are free Q-
module of ranks 2r and r (respectively). The existence of the formally smooth morphism
τR : Spec R→ N
s implies that we have isomorphisms (cf. beginning of Subsection 3.5)
(4)
(MQ ⊗Q R, F
1
Q ⊗Q R, (t
Q
α )α∈J)
∼→ (MR, F
1
R, (tα)α∈J) = (M ⊗W (k) R, F
1 ⊗W (k) R, (tα)α∈J).
As the statement 3.2.2 (a) holds for z ∈ Ns(W (k)), we also have isomorphisms (M ⊗W (k)
R, (tα)α∈J)
∼→ (L∨(p)⊗Z(p)R, (vα)α∈J). From the last two sentences and Artin approximation
theorem ([BLR, Ch. 3, Sect. 3.6, Thm. 16]) we get that there exists a smooth, affine
morphism Spec Q′ → Spec Q through which zH(p) : Spec W (k) → Spec Q and the
natural factorization Spec R→ Spec Q of τR factor naturally producing morphisms z
′
H(p)
:
Spec W (k)→ Spec Q′ and Spec R→ Spec Q′ and such that we have an isomorphism
(MQ ⊗Q Q
′, (tQα )α∈J)
∼→ (L∨(p) ⊗Z(p) Q
′, (vα)α∈J)
whose extends to R (via Spec R→ Spec Q′) defines (4). The image Im(Spec Q′ → Spec Q)
is an open subscheme of Qs whose pull-back to Ns is an open subscheme of Nm that contains
the point z ∈ Ns(W (k)). Thus (ii) holds.
For the sake of future references, we point out the following obvious property:
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(iii) We can assume that Spec Q′ → Spec Q is an e´tale morphism. If ΦQ′ is a
Frobenius lift of the p-adic completion Q′,∧ of Q′ compatible with σ, then the Frobenius
of MQ ⊗Q Q
′,∧ can be identified via an isomorphism
(MQ ⊗Q Q
′,∧, F 1Q ⊗Q Q
′,∧, (tQα )α∈J)
∼→ (M ⊗W (k) Q
′,∧, F 1 ⊗W (k) Q
′,∧, (tα)α∈J)
with the Frobenius endomorphism gQ′(φ ⊗ ΦQ′) of M ⊗W (k) Q
′,∧ for a suitable element
gQ′ ∈ GLM (Q
′,∧) which modulo the p-adic completion of the ideal of Q′ that defines
z′
H(p)
is the identity. From the property B6.3 (v) applied in the context of the quinttuple
(MR, F
1
R,Φ,∇, (tα)α∈J) of Subsection 3.3, we easily get that gQ′(φ ⊗ ΦQ′) fixes each t
Q
α
with α ∈ J and thus that in fact we have gQ′ ∈ G(Q
′,∧). If moreover G is a reductive group
scheme and if F is the normalizer of F 1 in G, then by shrinking Q′ we can assume that
moreover the composite morphism Spec Q′,∧ → G/F induced by gQ′ is formally e´tale (cf.
the definition of guniv in Subsection 3.3, the fact that the product morphism U×W (k)F → G
is an open embedding, and the property 3.4 (ii)).
We end this subsection with a lemma we will use in Subsections 3.6, 5.4, and 5.6.
3.5.2. Lemma. Let µ : Gm,W (k) → G and M = F
1 ⊕ F 0 be as in Subsection 3.2. Let
y ∈ Ns(k) be defined by z ∈ Ns(W (k)) = N(W (k)). Let µ1 : Gm,W (k) → G be a cocharacter
such that we have a direct sum decomposition M = F 11 ⊕ F
0
1 with the properties that
Gm,W (k) acts through µ1 on each F
i
1 via the weight −i and we have F
1
1 /pF
1
1 = F
1/pF 1.
Then the following three properties hold:
(a) There exists a point z1 ∈ N
s(W (k)) that lifts y ∈ Ns(k) and such that the
principally quasi-polarized filtered F -crystal over k of z∗1(A, λA) is (M,F
1
1 , φ, ψM).
(b) If p > 2, then a point z1 as in (a) is unique.
(c) We assume that p = 2 and that y factors through Nm. We also assume that one
of the following two conditions holds:
(c.i) the abelian variety Ak is ordinary and G is smooth;
(c.ii) GZ(p) is a quasi-reductive group scheme for (G,X, v).
Then there exist exactly 2a such z1’s, where a is the multiplicity of the Newton polygon
slope −1 for (Lie(G), φ). Moreover, if (c.i) holds, then we can choose µ1 and z1 such that
the abelian scheme z∗1(A) is the canonical lift of Ak.
Proof: For n ∈ N∗ let Wn(k) := W (k)/p
nW (k). By induction on n ∈ N∗ we show that
there exists a point z(n) ∈ Ns(W (k)) = N(W (k)) that has the following three properties:
(i) it lifts y ∈ Ns(k);
(ii) for n≥ 2 the Wn−1(k)-valued points of N
s defined by z(n− 1) and z(n) coincide;
(iii) the principally quasi-polarized filtered F -crystal over k of z(n)∗(A, λA) is of the
form (M,F 11 (n), φ, ψM), where F
1
1 (n) is congruent to F
1
1 modulo p
n.
Let z(1) := z; obviously the base of the induction for n = 1 holds. The passage from
n to n+ 1 goes as follows. Not to introduce extra notations by replacing z with z(n), we
can assume that z(n) = z; thus we have F 1/pnF 1 = F 11 /p
nF 11 . Let v ∈ pLie(U) be such
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that for u := 1M + v we have u(F
1) = F 11 , cf. Lemma B2.1. As F
1/pnF 1 = F 11 /p
nF 11 , we
have v ∈ pnLie(U).
As the image of the Kodaira–Spencer map of ∇ is Lie(U)⊗W (k) R (cf. property (iii)
of Subsubsection B6.3) and as the morphism τR : Spec R → N
s is formally smooth, from
the relation v ∈ pnLie(U) we get that there exists a lift z(n+1) ∈ Ns(W (k)) of z(n) modulo
pn such that the principally quasi-polarized filtered F -crystal over k of z(n + 1)∗(A, λA)
is (M,F 11 (n+ 1), φ, ψM), where F
1
1 (n+ 1) is congruent to u(F
1) = F 11 modulo p
n+1 (this
holds even if p = 2; for instance, the proof of [V10, Prop. 6.4.6 (b)] applies entirely in the
slightly more general context of our present lemma). This ends the induction.
From the property (ii) we get that there exists a point z1 ∈ N
s(W (k)) that lifts
z(n) modulo pn for all n ∈ N∗. Thus z1 also lifts y, cf. property (i). The principally
quasi-polarized filtered F -crystal over k of z∗1(A, λA) is (M,F
1
1 , φ, ψM), cf. property (iii).
Thus (a) holds. Part (b) follows from Theorem 1.5 (b) and the Grothendieck–Messing
deformation theory.
If the condition (c.i) holds, then part (c) follows from Theorem 1.5 (b) and Theorem
B7 (c) (more precisely, the constructions of Subsection 3.3 needed to prove Theorem 1.5
(b) in Subsection 3.4 are exactly the constructions of Subsubsections B6.3 and B6.4).
We are left to check that (c) holds if the condition (c.ii) holds. Let GrZp be as in
Definition 1.3.2 (a). As y factors through Mm, the normal, closed subgroup scheme Gr of
G obtained as in Lemma 3.2.3 but for GvQp = G
r
Qp
, is a reductive group scheme through
which µ and thus through which µ1’s factor as well (note that U is a closed subgroup
scheme of Gr). Thus this case of (c) also follows from Theorem 1.5 (b) and Theorem B7
(c) and (d) applied to (M,φ,Gr) instead of (M,φ,G), with the cocharacter µ1 chosen such
that we have φ(F 11 ) = 2F
1
1 (see the first paragraph of the proof of Theorem B7 for the
existence of such a µ1). 
3.6. Proof of 1.6. Let y ∈ N(k) be such that Ak := y
∗(A) is an ordinary abelian variety.
From [N, Cor. 3.8] we get that y factors through Ns. Thus to prove the Proposition 1.6
we can assume that p = 2 and we have to show that y ∈ Nm(k). We will use the previous
notations for a lift z ∈ Ns(W (k)) = N(W (k)) of y. We have a direct sum decomposition
M = F 11 ⊕ F
0
1 such that φ(F
1
0 ) = F
1
0 and φ(F
1
1 ) = pF
1
1 ; obviously, F
1
1 /pF
1
1 = F
1/pF 1.
The cocharacter µ1 : Gm,W (k) → GLM associated to it factors through G, cf. the first
paragraph of the proof of Theorem B7. Based on Lemma 3.5.2 (a) we can assume that
F 1 = F 11 and µ = µ1; thus F
1 is the Hodge filtration of M which defines the canonical lift
Acan of Ak. The Gal(B(k))-module H
1(Dcan) is canonically identified with a Gal(B(k))-
submodule of 12H
1(D) which contains 2H1(D). LetH1(Dcan) = H
1(Dcan)1⊕H
1(Dcan)0 be
the direct sum decomposition that corresponds naturally to the direct sum decomposition
(M,F 1, φ) = (F 1, F 1, φ)⊕(F 0, 0, φ). As we have a short exact sequence 0→ H1(Dcan)0 →
H1(D) → H1(Dcan)1 → 0, there exists c ∈
1
2 Hom(H
1(Dcan)1, H
1(Dcan)0) such that
we have (1H1(Dcan) + c)(H
1(Dcan)) = H
1(D). Let µe´t : Gm,Z2 → GLH1(Dcan) be the
cocharacter that fixes H1(Dcan)0 and that acts on H
1(Dcan)1 via the weight −1. We
consider an isomorphism (H1(D), (uα)α∈J)
∼→ (L∨(2) ⊗Z(2) Z2, (vα)α∈J) (cf. Lemma 2.3.4
(a)) to be viewed as an identification.
Let GrZ2 be as in Definition 1.3.2 (a); it is a reductive, normal, closed subgroup
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scheme of GZ2 and thus of GLH1(D), cf. last identification. As µ
e´t
Q2
is the e´tale counterpart
of the cocharacter µB(k) of GB(k), from Lemma 3.2.3 we get that µ
e´t
Q2
factors through
GrQ2 . Let U
e´t
big (resp. U
e´t) be the unipotent radical of the parabolic subgroup scheme of
GLH1(D) (resp. of the parabolic subgroup scheme P
r
Z2
of GrZ2) that normalizes H
1(D)0.
As a P rZ2(Q2)-conjugate of µ
e´t
Q2
extends to a cocharacter of GrZ2 , we have G
r
Z2
∩U e´tbig = U
e´t.
We claim that there exists an element g ∈ GrZ2(Q2) such that we have g(H
1(Dcan)) =
H1(D) = L∨(2) ⊗Z(2) Z2. It suffices to show that the reduction e¯ of e := 2c ∈ Lie(U
e´t
big)
modulo 2 belongs to Lie(U e´tF2). Let G
r
1,Z2
:= (1H1(Dcan) − c)G
r
Z2
(1H1(Dcan) + c); it is a
reductive, closed subgroup scheme GLH1(Dcan). For t ∈ W (k), µ
e´t(1 + 2t) normalizes
H1(D) ⊗Z2 W (k) = (1H1(Dcan) + c)(H
1(Dcan)) ⊗Z2 W (k) and thus its conjugate under
1H1(Dcan)−c belongs toG
r
1,Z2
(W (k)). Therefore 1H1(Dcan)/2H1(Dcan)+t¯e¯ belongs toG
r
1,Z2
(k)
for all t¯ ∈ k and thus e¯ ∈ Lie(Gr1,F2). Conjugating via 1H1(Dcan) + c we get that e¯ ∈
Lie(GrF2) ∩ Lie(U
e´t
big,F2
) = Lie(U e´tF2). Thus the claim holds.
Let zcan : Spec W (k) → Mr,O(v) be the morphism which is the canonical lift of
the composite morphism Spec k → N → Mr,O(v) which is defined naturally by y and
which factors through the ordinary locus of Mr,k(v). From the above claim we get that
the generic fibres of zcan and z define B(k)-valued points of Mr,E(G,X) which are images
of complex points of Sh(G,X) that differ by the right translation through the element
g ∈ G(Q2) 6 G(Af ), cf. proof of Lemma 2.3.4. Therefore we have a unique factorization
zcan : Spec W (k) → N with the property that each tα is the crystalline realization of the
Hodge cycle z∗can,B(F)(AE(G,X)) on Acan,B(F). We know that zcan : Spec W (k)→ N factors
through Ns (cf. Theorem 1.5 (a)) and even through Nm (cf. Theorem 3.2.2 (a)). From
this and the existence of g ∈ GrZ2(Q2) such that g(H
1(Dcan)) = H
1(D) we get that the
statement 3.2.2 (a) holds for z ∈ Ns(W (k)) and therefore we have z ∈ Nm(W (k)) and
y ∈ Nm(k). Thus Proposition 1.6 holds. 
4. Applications to integral models
In this section we take k to be an algebraic closure of k(v). This implies that there
exist O(v)-monomorphisms W (k) →֒ C.
Lemma 4.1 presents a simple criterion on when the k(v)-scheme Nmk(v) is non-empty
or when the W (k)-valued points of NmW (k) are Zariski dense. In Subsection 4.2 we apply
Theorem 1.5 (a) and Lemma 4.1 (a) to prove the existence of good integral models of
ShH˜(G,X) over O(v) for a large class of maximal compact, open subgroups H˜ of GQp(Qp).
Corollary 4.2.3 can be viewed as a complete solution to the conjecture of Langlands of [La,
p. 411] for Shimura varieties of Hodge type. Theorem 4.3 shows that, in the case when
GQp splits over an unramified extension of Qp, Subsection 4.2 extends naturally to the case
of parahoric subgroups of GQp(Qp).
4.1. Lemma. We assume that one of the following two conditions holds:
(i) there exists a smooth, affine group scheme GvZ(p) over Z(p) that extends G (i.e., it
has G as its generic fibre), that has a special fibre GvFp of the same rank as G, and that has
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the property that there exists a homomorphism GvZ(p) → GZ(p) which extends the identity
automorphism of G;
(ii) we have e(v) = 1 and the group scheme GZ(p) is quasi-reductive for (G,X, v) in
the sense of Definition 1.3.2 (a).
(a) Then e(v) = 1 and the k(v)-scheme Nmk(v) (and thus also N
s
k(v)) is non-empty.
(b) If (i) holds, then we also assume that G(Qp) = G(Q)H. Then the W (k)-valued
points of NmW (k) are Zariski dense in N
m
W (k).
Proof: We prove (a). We first assume that (i) holds. Each torus of GvFp lifts to a torus of
GvZp , cf. [DG, Vol. II, Exp. XII, Cor. 1.10]. Thus G
v
Zp
has tori of rank equal to the rank
of G. Let T vZ(p) be a torus of G
v
Z(p)
of the same rank as G and such that there exists hv ∈ X
which factors through T vR . Its existence is implied by [Ha, Lem. 5.5.3]. The pair (T
v
Q, {h
v})
is a Shimura subpair of (G,X) and therefore we have an inclusion E(G,X) ⊆ E(T vQ, {h
v})
of reflex fields. Each prime of E(T vQ, {h
v}) that divides v is unramified over p (cf. [Mi3,
Prop. 4.6 and Cor. 4.7]) and thus we have e(v) = 1. The intersection Hv := H ∩T vZ(p)(Qp)
is the unique hyperspecial subgroup T vZ(p)(Zp) of T
v
Z(p)
(Qp). Therefore there exists an
integral model Zv of ShHv(T
v
Q, {h
v}) over the spectrum of the normalization of O(v) in
E(T vQ, {h
v}) which is a pro-e´tale cover of Spec O(v), cf. either [Mi2, Rm. 2.16] or [V1,
Ex. 3.2.8]. In particular, Zv is a regular, formally e´tale, faithfully flat O(v)-scheme. The
functorial morphism ShHv(T
v
Q, {h
v}) → ShH(G,X) of E(G,X)-schemes extends uniquely
to a morphism Zv → Ns of O(v)-schemes, cf. Theorem 1.5 (a). There exist points z ∈
Zv(W (k)). Let (vα)α∈Jv be a family of tensors of T(W
∨) such that T vQ is the subgroup of
GLW∨ that fixes vα for all α ∈ J
v. We can assume that J ⊆ Jv and that for each α ∈ J, the
tensor vα is the tensor introduced in Subsection 2.3. We will use the notations of Subsection
3.2 for z ∈ Zv(W (k)). From Theorem 3.2.2 (a) applied to the point z ∈ Zv(W (k)) we get
that there exists an isomorphism (M, (tα)α∈Jv)
∼→ (L∨(p)⊗Z(p)W (k), (vα)α∈Jv) (each tα with
α ∈ Jv, is the de Rham realization of the Hodge cycle on AB(k) that corresponds naturally
to vα). Thus as J ⊆ J
v, the statement 3.2.2 (a) holds for the W (k)-valued point of Ns
defined by z. From this and the property 3.5.1 (ii) we get that this last point factors
through Nm. Therefore the k(v)-scheme Nmk(v) is non-empty.
We now assume that (ii) holds; thus e(v) = 1. Let GrZp and µv be as in Definition
1.3.2 (a). Let T rFp be a maximal torus of G
r
Fp
. Due to the existence of µv, T
r
Fp
has positive
rank. The torus T rFp lifts to a torus T
r
Zp
of GrZp , cf. [DG, Vol. II, Exp. XII, Cor. 1.10]. Let
T v0,Qp be a maximal torus of GQp which has T
r
Qp
as a subtorus. Let T v be a maximal torus
of G such that there exists an element hv ∈ X which factors through T vR and moreover T
v
Qp
is H-conjugate to T v0,Qp . Again, the existence of T
v is implied by [Ha, Lem. 5.5.3]. Thus
(up to H-conjugation) we can assume that we have T v0,Qp = T
v
Qp
.
The intersection Hv := H ∩ T v(Qp) is not necessarily the maximal compact, open
subgroup of T v(Qp) and the subgroup T
v(Q)Hv of T v(Qp) is not necessarily T
v(Qp). But
the intersection T rZp(Qp)∩H is the unique hyperspecial subgroup T
r
Zp
(Zp) of T
r
Zp
(Qp). We
fix an O(v)-monomorphism W (k(v)) →֒ C as in Definition 1.3.2 (a). As µhv and µv,C are
G(C)-conjugate and as GrC is a normal subgroup of GC, µhv factors through the intersection
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T vC ∩G
r
C and therefore through T
r
C = T
r
Zp
×Spec Zp Spec C. Thus as T
r
Zp
splits over a finite,
unramified extension of Zp, we get that the field of definition E(T
v
Q, {h
v}) of µhv is a
number subfield of C that contains E(G,X) and that is unramified over v. From the class
field theory (see [Lan, Th. 4 of p. 220]) and the reciprocity map of [Mi2, pp. 163–164] we
easily get that each connected component of ShHv(T
v
Q, {h
v})C is defined over the spectrum
of an abelian extension of E(T vQ, {h
v}) unramified over all primes of E(T vQ, {h
v}) that
divide v. Thus there exists an integral model Zv of ShHv(T
v
Q, {h
v}) over the normalization
of O(v) in E(T
v
Q, {h
v}) which has the same properties as above. Let z ∈ Zv(W (k)).
Let (vα)α∈Jr be a family of tensors of T(W
∨ ⊗Q Qp) such that T
r
Qp
is the subgroup
of GLW∨⊗QQp that fixes vα for all α ∈ J
r. We can assume that J ⊆ Jr and that for each
α ∈ J, the tensor vα is the tensor introduced in Subsection 2.3.
We will use the notations of Subsection 3.2 for z ∈ Zv(W (k)) and for k of countable
transcendental degree. Let ρD : Gal(B(k)) → GLH1
e´t
(AB(k),Qp)
(Qp)
∼→GLL∨
(p)
⊗Z(p)Qp
(Qp)
be the p-adic Galois representation associated to the p-divisible group D of A. Let De´tQp be
the schematic closure of Im(ρD) in GLL∨
(p)
⊗Z(p)Qp
; it is a connected group (cf. Subsection
B1) which is a subgroup of T vQp . As the groups T
v
Qp
, T rQp , and G
r
Qp
are normalized by De´tQp ,
we can speak about the subgroups TrB(k), T
v
B(k), and G
r
B(k) of GB(k) that correspond to T
v
Qp
,
T rQp , and G
r
Qp
(respectively) via Fontaine comparison theory for D (cf. Lemma B5.1 (a)).
The generic fibre of µ factors through TvB(k) (cf. Subsection 3.2 applied in the context of
z ∈ Zv(W (k))) and through GrB(k) (cf. Lemma 3.2.3 applied with G
v
Qp
= GrQp to the image
of z ∈ Zv(W (k)) in Ns(W (k))) and thus it factors through TrB(k) = T
v
B(k) ∩ G
r
B(k). From
this and Lemma B5.1 (b) we get that De´tQp is a subgroup of T
r
Qp
. This implies that each
vα with α ∈ J
r defines naturally an e´tale Tate-cycle uα on DB(k).
As T rZp is a torus, from Theorem B3 applied to the pair (D, (uα)α∈Jr), from Formula
(3), and from Lemma 2.3.4 (b) applied to Sh(T vQ, {h
v}) we get that there exist isomorphisms
(M, (tα)α∈Jr)
∼→ (H1e´t(AB(k),Zp)⊗Zp W (k), (uα)α∈Jr)
∼→ (L∨(p) ⊗Z(p) W (k), (vα)α∈Jr)
(each tα ∈ T(M [
1
p
]) with α ∈ Jr corresponds to uα via Fontaine comparison theory for D).
As J ⊆ Jr, from this and the property 3.5.1 (ii) we get that the image of z ∈ Zv(W (k)) in
Ns(W (k)) belongs to Nm(W (k)). Thus the k(v)-scheme Nmk(v) is non-empty i.e., (a) holds.
We prove (b). If (i) holds, let T rQp := T
v
Qp
. Thus T rQp is well defined regardless of
which one of the conditions (i) and (ii) holds. Due to Formula (1) and the fact that Nm
is G(A
(p)
f )-invariant, to prove that the W (k)-valued points of N
m
W (k) are Zariski dense, it
suffices to show that for each open subset K of X and for every element of G(Q)\G(Qp)/H,
we can choose a representative gj ∈ G(Qp) 6 G(Af ) of this element and we can choose
(T vQ, h
v) such that hv ∈ K and the elements of T rQp ∩H act via left translation trivially on
the image of gj in G(Qp)/H (this is so as from the class field theory and the reciprocity
map of [Mi2, pp. 163–164] we easily get that the complex point [hv, gj] of ShHv(T
v
Q, {h
v})
is defined over the spectrum of an abelian extension of E(T vQ, {h
v}) unramified over all
primes of E(T vQ, {h
v}) that divide v). If (i) holds, then our assumption G(Qp) = G(Q)H
implies that we can take gj to be the identity element and based on [Ha, Lem. 5.5.3] we
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can assume that hv ∈ K. If (ii) holds, then gj can be any representative and we choose
T rZp so that it is also a maximal torus of gjG
r
Zp
g−1j ; based on [Ha, Lem. 5.5.3] we can
assume that hv ∈ K and that T vQp is H ∩ gjHg
−1
j -conjugate to T
v
0,Qp
and therefore that
the elements of T rQp ∩H act via left translation trivially on the image of gj in G(Qp)/H.
We conclude that (b) holds. 
4.2. Integral models for maximal compact, open subgroups. Let H˜ be a maximal
compact, open subgroup of GQp(Qp). Let G˜Zp be a smooth, affine group scheme over Zp
that extends GQp and such that we have H˜ = G˜Zp(Zp), cf. [T, p. 52]. Let G˜Z(p) be
the smooth, affine group scheme over Z(p) that extends G and whose extension to Zp is
G˜Zp , cf. [V1, Claim 3.1.3.1]. Let L˜(p) be a Z(p)-lattice of W such that the monomorphism
G →֒GLW extends to a homomorphism G˜Z(p) →GLL˜(p) , cf. [J, Part I, 10.9].
4.2.1. Lemma. We can modify the Z-lattice L of W and the injective map f : (G,X) →֒
(GSp(W,ψ),Y), such that we have an identity H = H˜ and L(p) is a G˜Z(p)-module.
1
Proof: Let L˜ be the Z-lattice of W such that we have L˜[ 1
p
] = L[ 1
p
] and L˜ ⊗Z Z(p) = L˜(p).
If ψ induces a perfect form on L˜, then by replacing L with L˜ we get that H = H˜. This is
so as the fact that H˜ is a maximal compact, open subgroup of GQp(Qp) implies that the
monomorphism H˜ →֒ GQp(Qp)∩GLL˜⊗ZZp(Zp) is an isomorphism. If ψ does not induces a
perfect form on L˜, then we will have to modify f as follows.
Let L′1 := L˜ ⊕ L˜
∨. Let W1 := L
′
1 ⊗Z Q and L
′
1,(p) := L
′
1 ⊗Z Z(p). Let ψ
′
1 be a
perfect alternating form on L′1 such that the group scheme SLL˜, when viewed naturally as
a subgroup scheme of SLL′1 , is in fact a subgroup scheme of Sp(L
′
1, ψ
′
1). We can assume that
L˜ and L˜∨ are both maximal isotropic Z-lattices ofW1 with respect to ψ
′
1 (this automatically
holds if r > 1). Let G0 := G∩Sp(W,ψ) and let G00 be its identity component. The image
of a fixed element h ∈ X contains a compact torus of G00R . Thus G
00 contains Z(Sp(W,ψ)).
This implies that the natural epimorphism G/G00 → G/G0 is an isomorphism. Therefore
G0 = G00 is connected and thus a reductive, normal subgroup of G. Let G˜0Z(p) be the
schematic closure in G˜Z(p) of G
0; it is a flat, closed subgroup scheme of SLL˜⊗ZZ(p) and thus
also of GSp(L′1,(p), ψ
′
1). The subgroup scheme of GSp(L
′
1,(p), ψ
′
1) generated by Z(GLL′1,(p))
and G˜0Z(p) is a group scheme which is naturally identified with G˜Z(p) itself.
Let A be the free Z(p)-module of alternating forms on L
′
1⊗ZZ(p) fixed by G˜
0
Z(p)
. There
exist elements of A⊗Z(p)R that define polarizations of the HodgeQ–structure onW1 defined
by h, cf. [De2, Cor. 2.3.3]. Thus the real vector space A ⊗Z(p) R has a non-empty, open
subset of such polarizations, cf. [De2, Subsubsect. 1.1.18 (a)]. A standard application
to A of the approximation theory for independent valuations, shows the existence of an
alternating form ψ1 on L
′
1 ⊗Z Z(p) that is fixed by G˜
0
Z(p)
, that is congruent to ψ′1 modulo
1 We emphasize that the resulting homomorphism G˜Z(p) → GLL(p) of smooth group
schemes over Z(p), is not necessarily a closed embedding.
29
p, and that defines a polarization of the mentioned Hodge Q–structure. Thus there exists
an injective map f1 : (G,X) →֒ (GSp(W1, ψ1),Y1) of Shimura pairs.
As ψ1 is congruent to ψ
′
1 modulo p, it is a perfect, alternating form on L
′
1 ⊗Z Z(p).
Let L1 be a Z-lattice of W1 such that ψ1 induces a perfect alternating form on L1 and we
have L1,(p) := L1 ⊗Z Z(p) = L
′
1,(p); thus L1,(p) is a G˜Z(p) -module. As above we argue that
H˜ = GQp(Qp) ∩GLL1⊗ZZp(Zp). Therefore the lemma holds. 
4.2.2. Theorem. Let H˜ be a maximal compact, open subgroup of GQp(Qp). Let G˜Z(p)
be a smooth, affine group scheme over Z(p) that has G as its generic fibre and such that
H˜ = G˜Z(p)(Zp) (see beginning of Subsection 4.2). We assume that one of the following two
conditions holds:
(i) the special fibre G˜Fp of G˜Zp has a torus of the same rank as G (for instance, this
holds if GQp splits over an unramified extension of Qp, cf. [T, Sections 1.10 and 3.4]);
(ii) we have e(v) = 1 and the group scheme G˜Z(p) is quasi-reductive for (G,X, v).
Then there exists a unique regular, formally smooth integral model N˜s of ShH˜(G,X)
over O(v) that satisfies the following smooth extension property: if Z is a regular, formally
smooth scheme over a discrete valuation ring O which is of index of ramification 1 and is
a faithfully flat O(v)-algebra, then each morphism ZE(G,X) → N˜
s
E(G,X) of E(G,X)-schemes
extends uniquely to a morphism Z → N˜s of O(v)-schemes.
Proof: We can assume that the injective map f : (G,X) → (GSp(W,ψ),Y) of Shimura
pairs is such that H˜ = H and L(p) is a G˜Z(p) -module, cf. Lemma 4.2.1. If (i) holds, then
the condition 4.1 (i) holds. If (ii) holds, let G˜rZp be a reductive, normal, closed subgroup
scheme of G˜Zp such that there exists a cocharacter µv : Gm,W (k(v)) → G˜
r
W (k(v)) with the
property that the extension of µv to C via an (any) O(v)-monomorphism W (k(v)) →֒
C defines a cocharacter of GC that is G(C)-conjugate to the cocharacters µh (h ∈ X)
introduced in the beginning of Subsection 1.3. The group GderC has no simple factors that
are SO2n+1 groups for some n ∈ N
∗, cf. Fact 2.2.5. Therefore the natural homomorphism
G˜rZp →GLL(p)⊗Z(p)Zp is a closed embedding, cf. [V3, Thm. 1.1 (d)]. Thus G˜
r
Zp
is naturally
a closed subgroup scheme of GZp . This implies that the group scheme GZ(p) is also quasi-
reductive for (G,X, v). Therefore, if (ii) holds, then the condition 4.1 (ii) holds.
As one of the two conditions 4.1 (i) and (ii) holds, the k(v)-scheme Nsk(v) is non-
empty (cf. Lemma 4.1 (a)). Based on Theorem 1.5 (a) and the fact that H˜ = H, we get
that as N˜s we can take Ns itself. 
4.2.3. Corollary. Let (G,X) be a Shimura pair of Hodge type. Let v a prime of the reflex
field E(G,X) that divides a prime p with the property that the group GQp is unramified.
Then for each hyperspecial subgroup H˜ of GQp(Qp), there exists a unique regular, formally
smooth integral model N˜s of ShH˜(G,X) over O(v) that satisfies the following smooth exten-
sion property: if Z is a regular, formally smooth scheme over a discrete valuation ring O
which is of index of ramification 1 and is a faithfully flat O(v)-algebra, then each morphism
ZE(G,X) → N˜
s
E(G,X) extends uniquely to a morphism Z → N˜
s between O(v)-schemes.
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Proof: As H˜ is a hyperspecial subgroup, we can assume that the group scheme G˜Zp is
reductive. Thus G˜Z(p) is a reductive group scheme. Therefore the condition 4.2.2 (i) holds
(in fact even the condition 4.2.2 (ii) holds) and the corollary follows from Theorem 4.2.2.
4.3. Theorem. We assume that GQp splits over an unramified extension of Qp (thus
e(v) = 1). Then for each parahoric subgroup H˜ of GQp(Qp) in the sense of [BT, Def.
5.2.6], there exists a unique regular, formally smooth integral model N˜s of ShH˜(G,X) over
O(v) that satisfies the following smooth extension property: if Z is a regular, formally
smooth scheme over a discrete valuation ring O which is of index of ramification 1 and is
a faithfully flat O(v)-algebra, then each morphism ZE(G,X) → N˜
s
E(G,X) extends uniquely to
a morphism Z → N˜s between O(v)-schemes.
Proof: As H˜ is a parahoric subgroup of GQp(Qp), it is the subgroup of GQp(Qp) that fixes
the vertices v1, . . . , vs of a facet F˜ of an apartment A˜ the building of GQp over Qp. For
i ∈ {1, . . . , s}, let H˜i be the subgroup of GQp that fixes vi; it is a maximal, compact
subgroups of GQp(Qp). We have:
(i) H˜ = ∩si=1H˜i.
For i ∈ {1, . . . , s}, let G˜i,Zp be a smooth, affine group scheme over Zp that extends
GQp and such that we have H˜ = G˜Zp(Zp) (cf. [T, p. 52] and [V1, Claim 3.1.3.1]). Let G˜Z(p)
be the schematic closure of G embedded diagonally into the generic fibre of the product∏s
i=1 G˜i,Zp ; it is an affine group scheme over Z(p) such that G˜Z(p)(Zp) = H˜.
As GQp splits over an unramified extension of Qp, there is a maximal torus T˜ of GQp
which contains the maximal, split torus of GQp that is related to the apartment A˜ and
which splits over a finite unramified Galois extension of Qp (see [T, Subsects. 1.10 and
2.6]). Let T˜dbZp be the torus over Zp whose generic fibre is T˜ ; it is a maximal torus of each
G˜i,Zp and therefore also of the pull back of G˜Z(p) to Spec Zp.
Based on the last two paragraphs, it is easy to check that (cf. also [BT, Subsect.
5.2]):
(ii) G˜Z(p) is a smooth group scheme over Spec Z(p) whose special fibre has the same
rank as G.
Based on Lemma 4.2.1, for each i ∈ {1, . . . , s} there exists an injective map fi :
(G,X) →֒ (GSp(Wi, ψi),Yi) and a Z-lattice Li of Wi such that ψi induces a perfect al-
ternating form ψi : Li × Li → Z, Li ⊗Z Z(p) is a G˜i,Z(p) -module, and we have H˜i =
G(Qp) ∩GSp(Li, ψi)(Zp). We fix an element x ∈ X. By replacing each ψi by either it-
self or −ψi we can assume that 2πiψi is a polarization of the Q-structure on Wi defined
naturally by x for all i ∈ {1, . . . , s}. Let
(W,ψ, L) = (⊕si=1Wi,⊕
s
i=1ψi,⊕
s
i=1Li).
We have a natural diagonal embedding (G,X) →֒ (GSp(W,ψ),Y), where Y is the
GSp(W,ψ)(R)-conjugacy class of homomorphisms ResC/RGm →GSp(W,ψ)R that contains
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all those homomorphisms that are defined naturally by elements of X. The group H =
G(Qp) ∩GSp(L, ψ)(Zp) is ∩
s
i=1H˜i = H˜, cf. property (i). From the property (ii) we get
that L(p) is a G˜Z(p) -module. From this and from the rank part of the property (ii), we get
that the condition 4.1 (i) holds. Thus the k(v)-scheme Nsk(v) is non-empty (cf. Lemma 4.1
(a)). Based on Theorem 1.5 (a) and the fact that H˜ = H, we get that as N˜s we can take
Ns itself.
5. Proof of the Main Theorem
In this section we take k to be a field extension of k(v) that is algebraically closed
and has a countable transcendental degree. Let (vα)α∈J and (w
A
α )α∈J be as in Subsection
2.3. For a point z ∈ Ns(W (k)) = N(W (k)), the following notations (A, (wα)α∈J, λA),
(M,F 1, φ, (tα)α∈J, ψM ), M = F
1 ⊕ F 0, and µ : Gm,W (k) → G are as in Subsection 3.2. In
Subsections 5.1 to 5.7 we prove the Main Theorem 1.7.
Let R0 :=W (k)[[x]], where x is an independent variable. Let ΦR0 be the Frobenius
lift of R0 that is compatible with σ and that takes x to x
p.
5.1. Basic notations and facts. We begin the proof of the Main Theorem 1.7 by
introducing some basic notations and facts. We have e(v) = 1 and GZ(p) is a quasi-
reductive group scheme for (G,X, v). We recall that Nm is an open subscheme of Ns (cf.
Subsubsection 3.5.1) and therefore also of N (cf. Lemma 2.2.4). Thus Nmk(v) is also an
open subscheme of Nk(v). Moreover, the open embedding N
m →֒ N is a pro-e´tale cover of
an open embedding between quasi-projective O(v)-schemes (cf. Proposition 2.2.2 (a) and
the property 3.5.1 (i)) and the k(v)-scheme Nmk(v) is non-empty (cf. Lemma 4.1 (a)). Thus
to show that Nmk(v) is a non-empty, open closed subscheme of Nk(v), we only have to show
that for each commutative diagram of the following type
Spec k −−−−→ Spec k[[x]] ←−−−− Spec k((x))yy
yτ
yτk((x))
N ←−−−− Nk(v) ←−−−− N
m
k(v),
the morphism y : Spec k → N factors through the open subscheme Nm of N. All the
horizontal arrows of the diagram are natural embeddings. Until Subsection 5.4 inclusive
we study properties of the diagram that are needed to prove Theorem 1.7 in Subsections
5.5 to 5.7.
We consider the principally quasi-polarized F -crystal
(M0,Φ0,∇0, ψM0)
over k[[x]] of τ∗((A, λA) ×N Nk(v)). Thus M0 is a free R0-module of rank 2r, Φ0 is a
ΦR0 -linear endomorphism of M0, ∇0 is an integrable and nilpotent modulo p connection
on M0 such that we have ∇0 ◦ Φ0 = (Φ0 ⊗ dΦR0) ◦ ∇0, and ψM0 is a perfect alternating
form on M0 that defines a principal quasi-polarization of (M0,Φ0,∇0).
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Let O be the unique local ring of R0 that is a discrete valuation ring of mixed
characteristic (0, p). Let O be the completion of O. Let ΦO be the Frobenius lift of
O defined by ΦR0 via a natural localization and completion. Let k1 := k((x)). Let
Spec W (k1) → Spec R0 be the Teichmu¨ller lift with respect to ΦR0 ; under it W (k1) gets
naturally the structure of a ∗-algebra, where ∗ ∈ {R0, O,O}.
As the O(v)-scheme N
m is formally smooth, there exists a lift z˜1 : Spec O → N
m of
the morphism τk((x)) : Spec k((x)) → N
m defined naturally by τk((x)) and denoted in the
same way. Let z1 : Spec W (k1)→ N
m be the composite of Spec W (k1)→ Spec O with z˜1;
we also view z˜1 and z1 as a valued point of either N
s or N. Let
(A˜1, (w1,α)α∈J, λA˜1) := z˜
∗
1(A, (w
A
α )α∈J, λA) and (A1, λA1) := z
∗
1(A, λA) = (A˜1, λA˜1)W (k1).
For α ∈ J let n(α) ∈ N be such that we have vα ∈W
∨⊗n(α)⊗QW
⊗n(α) ⊆ T(W∨), cf.
definition of vα in Subsection 2.3. Let t1,α be the de Rham realization of w1,α. We identify
canonicallyM0⊗R0 O = H
1
dR(A˜1/O) (cf. [Be, Ch. V, Subsect. 2.3]) and thus we view each
t1,α as a tensor of (M
⊗n(α)
0 ⊗R0 M
∨⊗nα
0 )⊗R0 O[
1
p ] ⊆ T(M0 ⊗R0 O)[
1
p ]. Let nα ∈ N be the
smallest number such that we have pnαt1,α ∈ (M
⊗n(α)
0 ⊗R0M
∨⊗nα
0 )⊗R0 O ⊆ T(M0⊗R0 O).
5.1.1. Proposition. For all α ∈ J we have pnαt1,α ∈M
⊗n(α)
0 ⊗R0 M
∨⊗n(α)
0 ⊆ T(M0).
Proof: The tensor pnαt1,α is fixed by the σk1 -linear automorphism of T(M0 ⊗R0 B(k1))
defined by Φ0, cf. Subsection 3.2. Thus (as Spec W (k1) → Spec R0 is a Teichmu¨ller lift)
pnαt1,α is also fixed by the ΦO-linear endomorphism of T(M0 ⊗R0 O)[
1
p
] defined by Φ0.
The field k((x)) has {x} as a p-basis i.e., {1, x, . . . , xp−1} is a basis of k((x)) over
k((x))p = k((xp)). Thus the p-adic completion of the O-module ΩO/W (k) of relative dif-
ferentials is naturally isomorphic to Odx, cf. [BM, Prop. 1.3.1]. Let ∇0 : M0 ⊗R0 O →
M0⊗R0 Odx be the connection which is the natural extension of the connection ∇0 onM0.
The de Rham component of wAα is annihilated by the Gauss–Manin connection of A
(this is a property of Hodge cycles; for instance, it follows from [De3, Prop. 2.5] applied
in the context of a quotient of ShH(G,X) by a small compact, open subgroup of G(A
(p)
f )).
Thus the tensor pnαt1,α is annihilated by the Gauss–Manin connection on T(H
1
dR(A˜1/O)) =
T(M0 ⊗R0 O) of A˜1 and thus also by the p-adic completion of this connection. Therefore
pnαt1,α is annihilated by the connection ∇0 : M0 ⊗R0 O → M0 ⊗R0 Odx, cf. [Be, Ch. V,
Prop. 3.6.4].
As the field k((x)) has a p-basis, each F -crystal over k((x)) is uniquely determined by
its evaluation at the thickening naturally associated to the closed embedding Spec k((x)) →֒
Spec O (cf. [BM, Prop. 1.3.3]). Thus the natural identification
(M
⊗n(α)
0 ⊗R0 M
∨⊗nα
0 )⊗R0 O = End(M
⊗n(α)
0 ⊗R0 O)
allows us to view pnαt1,α as an endomorphism of the F -crystal over k((x)) defined by
the tensor product of n(α)-copies of (M0 ⊗R0 O,Φ0 ⊗ ΦO,∇0). From this and Theorem
3.1 we get that pnαt1,α can be viewed as an endomorphism of the F -crystal over k[[x]]
defined by the tensor product of n(α)-copies of (M0,Φ0,∇0) and therefore in fact we have
pnαt1,α ∈M
⊗n(α)
0 ⊗R0 M
∨⊗n(α)
0 ⊆ T(M0). 
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5.1.2. Group schemes. Next we introduce several notations that pertain to group
schemes. Let GrZp be a reductive, normal, closed subgroup scheme of GZp as in Definition
1.3.2 (a); we emphasize that in general GrZp is not the pull-back to Spec Zp of a closed
subgroup scheme of GZ(p) . Let πr ∈ End(M0⊗R0 B(k1)) be the projector that corresponds
to the projector πGr
Qp
of Subsection 2.3 via Fontaine comparison theory for (the p-divisible
group of) A˜1,W (k1), cf. Subsection B5. As πGrQp
is fixed by GQp , by enlarging the family
(vα)α∈J, we can assume that πGr
Qp
is a Qp-linear combinations of the vα’s with α ∈ J.
Thus πr is a Qp-linear combination of the t1,α’s with α ∈ J. From this and Proposition
5.1.1 we get that in fact we have πr ∈ End(M0[
1
p
]). Thus there exists nr ∈ N such that
pnrπr ∈ End(M0).
Let η be the field of fractions of R0 (or of O). Let G0,η be the subgroup of (GLM0)η
that fixes pnαt1,α for all α ∈ J (this definition makes sense due to Proposition 5.1.1). The
group G0,B(k1) corresponds to GQp via Fontaine comparison theory for (the p-divisible
group of) A˜1,B(k1). This implies that G0,η is a reductive group.
5.1.3. Lemma. There exists a unique reductive subgroup Gr0,η of G0,η whose Lie algebra is
Im(πr)⊗R0[ 1p ] η. The subgroup G
r
0,η of G0,η is normal. Moreover each geometric pull-back
of Gr,der0,η has no normal subgroup which is an SO2n+1 group for some n ∈ N
∗.
Proof: From Fontaine comparison theory for (the p-divisible group of) A˜1,W (k1) we get that
there exists a unique reductive subgroup Gr0,B(k1) of GLM0⊗R0B(k1) whose Lie algebra is
Im(πr)⊗R0[ 1p ]B(k1), cf. Lemma B5.1 (a). From Lemma A2 (a) applied with (W,L, η, η1) =
(M0⊗R0 η, Im(πr)⊗R0[ 1p ] η, η, B(k1)), we get that there exists a unique reductive subgroup
Gr0,η of GLM0⊗R0η whose Lie algebra is Im(πr) ⊗R0[ 1p ] η. The group G
r
0,η is a subgroup of
G0,η, as this holds after extension to B(k1). Thus the first part of the lemma holds.
But πr is fixed by G0,η (as this holds after tensorization with B(k1), cf. Subsection
B5) and thus Im(πr)⊗R0[ 1p ]η is a G0,η-submodule of Lie(G0,η). From this and the uniqueness
part of the lemma, we get that Gr0,η is a subgroup of G0,η normalized by G0,η(η) and thus
also by G0,η. As G
r
0,B(k1)
corresponds to the normal subgroup GrQp of GQp via Fontaine
comparison theory for (the p-divisible group of) A˜1,W (k1), from Fact 2.2.5 we get that each
geometric pull-back of Gr,der0,η has no normal subgroup which is an SO2n+1 group for some
n ∈ N∗. 
5.2. Theorem. The schematic closure Gr0 of G
r
0,η in GLM0 is a reductive subgroup scheme
over Spec R0.
Proof: We check that if V is a local ring of R0 which is a discrete valuation ring, then G
r
0,V
is a reductive group scheme over V.
We first assume that V = O. As z˜1 ∈ N
m(O), there exists isomorphisms (M0 ⊗R0
W (k1), (t1,α)α∈J)
∼→ (L∨(p)⊗Z(p)W (k1), (vα)α∈J). Therefore the schematic closure of G
r
0,B(k1)
in GLM0⊗R0W (k1) is isomorphic to G
r
W (k1)
and thus it is a reductive group scheme over
W (k1). As the natural morphism Spec W (k1) → Spec V = Spec O is faithfully flat, this
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schematic closure is Gr0,V ×Spec V Spec W (k1). Thus G
r
0,V is a reductive group scheme over
V.
We now assume that V 6= O i.e., V is of equal characteristic 0. Thus Gr0,V is a
smooth, closed subgroup scheme of GLM0⊗R0V, cf. Cartier theorem. Its Lie algebra gV
is (Im(pnrπr) ⊗R0 η) ∩ End(M0 ⊗R0 V) = Im(πr) ⊗R0[ 1p ] V and thus the restriction of the
trace form on End(M0 ⊗R0 V) to gV is perfect. From this and Lemma A2 (b) we get that
the identity component H of the special fibre of Gr0,V is a reductive group. Let G
r,id
0,V be the
open subgroup scheme of Gr0,V whose special fibre is H. As G
r,id
0,V is the complement in G
r
0,V
of a divisor of Gr0,V, it is an affine G
r
0,V-scheme and thus it is an affine scheme. Therefore
G
r,id
0,V is a reductive group scheme. Based on this and the second part of Lemma 5.1.3,
from [V3, Thm. 1.1 (d)] we get that the homomorphism Gr,id0,V → GLM0⊗R0V is a closed
embedding. Thus Gr,id0,V → G
r
0,V is a closed embedding. Being also an open embedding, we
conclude that Gr,id0,V = G
r
0,V is a reductive, closed subgroup scheme of GLM0⊗R0V.
Let U := Spec R0 \ Spec k. As G
r
0,U is a reductive, closed group scheme of GLM0U
(cf. last two paragraphs), it extends uniquely to a reductive group scheme G˜r0 over R0 (cf.
[V12, Thm. 1.4 (b)]). The closed embedding homomorphism Gr0,U → GLM0,U extends to
a closed embedding homomorphism G˜r0 → GLM0 , cf. [V12, Prop. 5.1 (c)] and (for p = 2)
the last property of Lemma 5.1.3. Thus Gr0 = G˜
r
0 is a reductive, closed subgroup scheme of
GLM0 . 
5.3. Applying Theorem 5.2. Let (M1, F
1
1 , φ1, ψM1) be the principally quasi-polarized
filtered F -crystal over k1 of (A1, λA1). We have M1 =M0⊗R0 W (k1), φ1 = Φ0 ⊗ σk1 , and
each t1,α ∈ T(M1)[
1
p ] with α ∈ J is the de Rham realization of the Hodge cycle z
∗
1(w
A
α )
on A1,B(k). Let µ1 : Gm,W (k1) → G1 = G0,W (k1) be the analogue of µ : Gm,W (k) → G but
obtained working with z1 ∈ N(W (k1)) instead of some z ∈ N(W (k)). We know that µ1
factors through Gr0,W (k1), cf. Lemma 3.2.3 applied to z1 ∈ N(W (k1)) with G
v
Qp
= GrQp .
Let F¯ 10 be the kernel of Φ0 modulo p; it is a free module over k[[x]] = R0/pR0 of
rank r. As the cocharacter µ1 factors through G
r
0,W (k1)
, the normalizer of F¯ 10 ⊗k[[x]] k1
in Gr0,k1 is a parabolic subgroup of G
r
0,k1
which (as F¯ 10 ⊗k[[x]] k1 is defined over k((x))) is
the pull-back of a parabolic subgroup Fr0,k((x)) of G
r
0,k((x)). The k[[x]]-scheme of parabolic
subgroup schemes of Gr0,k[[x]] is projective, cf. [DG, Vol. III, Exp. XXVI, Cor. 3.5].
Thus the schematic closure Fr0,k[[x]] of F
r
0,k((x)) in G
r
0,k[[x]] is a parabolic subgroup scheme
of Gr0,k[[x]]. As G
r
0 is a split reductive group scheme and µ1,k1 factors through G
r
0,k1
, there
exists a cocharacter µ0,k[[x]] : Gm,k[[x]] → G
r
0,k[[x]] that factors through F
r
0,k[[x]] and that
produces a direct sum decomposition M0/pM0 = F¯
1
0 ⊕ F¯
0
0 such that for each i ∈ {0, 1},
every β ∈ Gm,k[[x]](k[[x]]) acts via µ0,k[[x]] on F¯
i
0 as the multiplication by β
−i.
We consider a cocharacter
µ0 : Gm,R0 → G
r
0
that lifts µ0,k[[x]], cf. [DG, Vol. II, Exp. IX, Thms. 3.6 and 7.1]. Let M0 = F
1
0 ⊕F
0
0 be the
direct sum decomposition such that for each i ∈ {0, 1}, every element β ∈ Gm,R0(R0) acts
via µ0 on F
i
0 as the multiplication by β
−i; the notations match i.e., we have F i0/pF
i
0 = F¯
i
0.
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We consider the W (k)-epimorphism R0 ։W (k) whose kernel is the ideal (x). Let
(M,F 1, φ,G,Gr, (tα)α∈J, ψM ) := (M0, F
1
0 ,Φ0,G0,G
r
0, (t1,α)α∈J, ψM0)⊗R0 W (k).
5.4. Extra crystalline applications. We consider an arbitrary principally quasi-
polarized p-divisible group (D, λD) over W (k) whose principally quasi-polarized filtered
F -crystal over k is (M,F 1, φ) and for which we have an isomorphism
(5) (M, (tα)α∈J, ψM)
∼→ (H1(D)⊗Zp W (k), (uα)α∈J, λH1(D)),
where λH1(D) is the perfect, alternating form on H
1(D) which is the e´tale realization of
λD and where uα ∈ T(H
1(D))[ 1p ] corresponds to tα via Fontaine comparison theory for
D. If p = 2, then the existence of (D, λD) is implied by Theorem B7 (b) applied to
(M,φ,Gr, ψM ) instead of (M,φ,G, ψM). If p > 2 or if p = 2 and (M,φ) has no integral
slopes, then there exists a unique p-divisible group D over W (k) whose filtered F -crystal
over k is (M,F 1, φ) (cf. [V8, Prop. 2.2.6] for p = 2); due to the uniqueness part, ψM is the
crystalline realization of a (unique) principal quasi-polarization λD of D. The fact that
(5) holds in this case follows from Theorem B3 and [V8, Ex. 4.4.1].
Let (DR0 , λDR0 ) be the principally quasi-polarized p-divisible group over R0 which
modulo the ideal (x) is (D, λD) and whose principally quasi-polarized F -crystal over
R0/pR0 is (M0, F
1
0 ,Φ0,∇0, ψM0), cf. Lemmas B6.1 and B6.2. Let
τR0 : Spec R0 →Mr
be the morphism that has the following two properties: (i) it lifts the composite of y
with the morphism N → Mr and (ii) the principally quasi-polarized p-divisible group of
the pull-back via τR0 of the universal principally polarized abelian scheme over Mr, is
(DR0 , λDR0 ). Let
z2 : SpecW (k1)→Mr
be the composite of the Teichmu¨ller lift Spec W (k1) → Spec R0 of Subsection 5.1 with
τR0 . Let (A2, λA2) be the principally polarized abelian scheme over W (k1) that is the
pull-back through z2 of the universal principally polarized abelian scheme over Mr. The
principally quasi-polarized filtered F -crystal of (A2, λA2) is canonically identified with
(M1, F
1
2 , φ1, ψM1), where F
1
2 is a direct summand of M1 of rank r. Let (F
i
2(T(M1)))i∈Z be
the filtration of T(M1) defined by F
1
2 and let (F
i
0(T(M0)))i∈Z be the filtration of T(M0)
defined by F 10 . For each α ∈ J, the tensor t1,α ∈ T(M0)[
1
p ] is annihilated by ∇0, is fixed
by Φ0, and belongs to F
0
0 (T(M0))[
1
p ]. This implies that we have t1,α ∈ F
0
2 (T(M1))[
1
p ] for
all α ∈ J. Thus as before Lemma 3.2.1 we argue that the inverse of the canonical split
cocharacter of (M1, F
1
2 , φ1) defined in [W, p. 512] factors through the closed subgroup
scheme G1 = G0,W (k1) of GLM1 ; let µ2 : Gm,W (k1) → G1 be the resulting factorization.
Due to Lemma 3.5.2 (a) applied to z1 ∈ N
m(W (k1)) ⊆ N
s(W (k1)) and to µ2 :
Gm,W (k1) → G1, there exists a point z3 ∈ N
m(W (k1)) ⊆ N
s(W (k1)) = N(W (k1)) that lifts
the k1-valued point y1 of N
m defined naturally by z1 (or z2) and such that the filtered
F -crystal of (A3, λA3) := z
∗
3(A, λA) is precisely (M1, F
1
2 , φ1, ψM1). Let (D3, λD3) be the
principally quasi-polarized p-divisible group of (A3, λA3).
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5.5. Proof of 1.7 (a), part I. In this subsection we assume that either p > 2 or p = 2
and the 2-rank of y∗1(A) = A1,k1 = A˜1,k1 is 0. Due to this assumption, the p-divisible
groups D2 and D3 are the same lift of the p-divisible group of y
∗
1(A) (cf. [V8, Prop. 2.2.6]
for p = 2). Therefore the W (k1)-valued points of Mr defined by z2 and z3 coincide. Thus
z2 factors through N
s. From this and Theorem 1.5 (b) we get that τR0 factors through
Ns. Let z : Spec W (k) → Ns be the composite of the factorization Spec R0 → N
s of τR0
with the Teichmu¨ller section Spec W (k) →֒ Spec R0; it lifts y. Our notations match with
the ones of Subsection 3.2: (D, λD) is the principally quasi-polarized p-divisible group
of (A, λA) := z
∗(A, λA), the principally quasi-polarized filtered F -crystal of (D, λD) is
(M,F 1, φ, ψM), and uα corresponds to tα via Fontaine comparison theory for D.
There exists an isomorphism (M ⊗W (k) W (k1), (tα)α∈J)
∼→ (M1, (t1,α)α∈J), cf. proof
of the property 3.5.1 (ii). Thus, as the statement 3.2.2 (a) holds for z1 ∈ N
m(W (k1)), there
exist isomorphisms (M ⊗W (k)W (k1), (tα)α∈J)
∼→ (L∨(p)⊗Z(p) W (k1), (vα)α∈J) and therefore
(using an argument similar to the one used to prove Lemma B4 we get that) there exists
isomorphisms (M, (tα)α∈J)
∼→ (L∨(p) ⊗Z(p) W (k), (vα)α∈J). From this and Lemma 2.3.4 (a)
we get that the statement 3.2.2 (a) holds for z ∈ Ns(W (k)). Thus we have z ∈ Nm(W (k))
(cf. property 3.5.1 (ii)) and therefore the morphism y : Spec k → N factors through Nm.
This ends the proof of Theorem 1.7 (a) provided either p > 2 or p = 2 and the 2-rank of
A1,k1 is 0. 
5.6. Proof of 1.7 (a), part II.We will prove the general case for p = 2. Let a ∈ N be the
multiplicity of the Newton polygon slope −1 for (Lie(G1)[
1
2 ], φ1). For i ∈ {2, 3} let ui,α ∈
T(H1(D2))[
1
2
] = T(H1(D3))[
1
2
] correspond to t1,α via Fontaine comparison theory for Di.
We have canonical identifications (H1(D2), (u2,α)α∈J) = (H
1(D), (uα)α∈J) and (M ⊗W (k)
W (k1), (tα)α∈J) = (M1, (t1,α)α∈J), cf. proof of Theorem B7 (a) applied to (M,φ,G
r). From
this and (5) we get that there exists an isomorphism (M1, (t1,α)α∈J)
∼→ (H1(D2), (u2,α)α∈J).
Thus, as we have exactly 2a possibilities for a lift z3 of y1 as in the end of Subsection 5.4
(cf. Lemma 3.5.2 (c)) and as each such z3 is uniquely determined by D3 (cf. Theorem 1.5
(b)), based on Theorem B7 (c) we can choose z3 such that we have D3 = D2 as lifts of the
2-divisible group of y∗1(A). Therefore the W (k1)-valued points of Mr defined by z2 and z3
coincide and thus, as in the last part of Subsection 5.5 we argue that τR0 factors through
Ns and that y : Spec k → N factors through Nm. Thus Theorem 1.7 (a) holds. 
5.7. Proof of 1.7 (b) and (c). Theorem 1.7 (b) follows from Theorem 1.7 (a) and
Proposition 1.6. To prove Theorem 1.7 (c), let Q and Qs be as in Subsection 2.2. As the
Q-rank of the adjoint group Gad is 0, Q is a projective O(v)-scheme (cf. Lemma 2.2.6).
From the property 3.5.1 (i) we get that Nm is the pull-back of a smooth, open subscheme
Qm of Q. To prove Theorem 1.7 (c.i), it suffices to show that Qm = Q i.e., to show that
if C is a connected component of QW (k), then we have C ⊆ Q
m. As CB(k) ⊂ C ∩ Q
m
W (k),
from Lemma 4.1 (b) we get that the intersection Ck ∩ Q
m
k is non-empty and thus (as Q
m
is smooth) there exist W (k)-valued points of C. Thus the ring of global functions of the
connected, flat, normal, projective W (k)-scheme C is W (k). From this and [Har, Ch. III,
Cor. 11.3] we get that the special fibre Ck of C is connected. But the non-empty scheme
Ck ∩ Q
m
k is an open, closed subscheme of Ck, cf. Theorem 1.7 (a). From the last two
sentences we get that Qmk ∩ Ck = Ck. Thus Q
m
W (k) ∩ C = C. Thus Theorem 1.7 (c.i) holds.
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We know that Q = N/H(p) = Ns/H(p) is a normal, projective O(v)-scheme and that
the quotient morphism Ns = N → Q is a pro-e´tale cover, cf. beginning of Subsection
2.2 and Proposition 2.2.2 (a). Thus the O(v)-scheme Q is smooth and therefore we have
Q = Qs. As Q is a Ne´ron model of its generic fibre ShH×H(p)(G,X) over O(v) (cf. Theorem
1.5 (c)), Theorem 1.7 (c.ii) holds. 
Appendix A: On affine group schemes
Let p ∈ N be a prime. Let k be an algebraically field of characteristic p. Let W (k)
be the ring of Witt vectors with coefficients in k and let B(k) := W (k)[ 1p ] be its field of
fractions.
A1. Universal smoothenings. Let G be a flat, affine group scheme over W (k). For
a ∈ G(W (k)), the Ne´ron measure of the defect of smoothness δ(a) ∈ N of G at a is the
length of the torsion part of a∗(ΩG/Spec W (k)) (viewed naturally as a finitely generated
W (k)-module). As G is a group scheme over W (k), the value of δ(a) does not depend on
a and thus we denote it by δ(G). We have δ(G) ∈ N∗ if and only if G is not smooth, cf.
[BLR, Ch. 3, Sect. 3.3, Lem. 1]. Let Fk be the schematic closure in Gk of all special fibres
of W (k)-valued points of G; it is a reduced subgroup of Gk. We write Fk = Spec RG/JG,
where G = Spec RG and where JG is the ideal of RG that defines Fk and contains p. By
the canonical dilatation of G we mean the affine G-scheme G1 = Spec RG1 , where RG1 is
the RG-subalgebra of RG[
1
p
] generated by x
p
with x ∈ JG.
The W (k)-scheme G1 has a canonical group scheme structure and the morphism
G1 → G is a homomorphism of group schemes over W (k), cf. [BLR, Ch. 3, Sect. 3.2,
Prop. 2 (d)]. Moreover the W (k)-morphism G1 → G has the following universal property:
each W (k)-morphism Z → G of flat W (k)-schemes whose special fibre factors through the
closed embedding Fk →֒ Gk, factors uniquely through G1 → G (cf. [BLR, Ch. 3, Sect. 3.2,
Prop. 1 (b)]). If G is smooth, then Fk = Gk and therefore G1 = G.
Either G1 is smooth or we have 0 < δ(G1) < δ(G), cf. [BLR, Ch. 3, Sect. 3.3,
Prop. 5]. Thus by using a sequence of at most δ(G) canonical dilatations (the first one
of G, the second one of G1, etc.), we get the existence of a unique smooth, affine group
scheme G′ overW (k) endowed with a homomorphism G′ → G whose generic fibre over B(k)
is an isomorphism and which has the following universal property: each W (k)-morphism
Z → G, with Z a smooth W (k)-scheme, factors uniquely through G′ → G. One calls G′ the
universal smoothening of G.
A2. Lemma. Let W be a finite dimensional vector space over a field η of characteristic
0. Let L be a Lie subalgebra of End(W). Suppose there exists a field extension η1 of η such
that L⊗η η1 is the Lie algebra of a connected (resp. reductive) subgroup Fη1 of GLW⊗ηη1.
(a) Then there exists a unique connected (resp. reductive) subgroup F of GLW whose
Lie algebra is L (the notations match i.e., the extension of F to η1 is Fη1).
(b) The restriction t : L×L→ η of the trace form on End(W) to L is non-degenerate
if and only if F is a reductive subgroup of GLW.
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Proof: We prove (a). The uniqueness part is implied by [Bo, Ch. I, Sect. 7.1]. Loc. cit.
also implies that if F exists, then its extension to η1 is indeed Fη1 . It suffices to prove
(a) for the case when Fη1 is connected. We consider commutative η-algebras κ such that
there exists a closed subgroup scheme Fκ of GLW⊗ηκ whose Lie algebra is L ⊗η κ. Our
hypotheses imply that as κ we can take η1. Thus as κ we can also take a finitely generated
η-subalgebra of η1. By considering the reduction modulo a maximal ideal of this last
η-algebra, we can assume that κ is a finite field extension of η. Even more, (as η has
characteristic 0) we can assume that κ is a finite Galois extension of η. By replacing Fκ
with its identity component, we can assume that Fκ is connected. Due to the mentioned
uniqueness part, the Galois group Gal(κ/η) acts naturally on the connected subgroup Fκ of
GLW⊗ηκ. As Fκ is an affine scheme, the resulting Galois descent datum on Fκ with respect
to Gal(κ/η) is effective (cf. [BLR, Ch. 6, Sect. 6.1, Thm. 5]). This implies the existence
of a subgroup F of GLW whose extension to κ is Fκ. As Lie(F)⊗η κ = Lie(Fκ) = L⊗η κ,
we have Lie(F) = L. The group F is connected as Fκ is so. Thus F exists i.e., (a) holds.
Part (b) follows from [Bou, Ch. I, Sect. 6, Prop. 5 and Thm. 4]. For the sake of
completeness we include here a short proof of (b). We can assume that η is algebraically
closed. We first prove the if part. Using isogenies, we are reduced to the case when F is
either Gm,η or a semisimple group whose adjoint is simple. If F is Gm,η, then the F-module
W is a direct sum of one dimensional F-modules. We easily get that there exists an element
x ∈ L \ {0} which is a semisimple element of End(W) whose eigenvalues are integers. The
trace of x2 is a non-trivial sum of squares of natural numbers and thus it is non-zero. If F
is a semisimple group whose adjoint is simple, then L is a simple Lie algebra over η. From
Cartan solvability criterion we get that t is non-zero and therefore (as L is a simple Lie
algebra) it is non-degenerate.
To prove the only if part, we consider the unipotent radical U of F. Let 0 = W0 ⊂
W1 ⊂ · · · ⊂ Ws = W be a strictly increasing filtration of W by F-modules such that the
unipotent group U acts trivially on Wi/Wi−1 for all i ∈ {1, . . . , s}. Based on the existence
of this filtration, it is easy to see that Lie(U) belongs to the kernel of t and thus it is 0.
This implies that U is the trivial subgroup i.e., F is reductive. Thus (b) holds. 
See [V6, Prop. 3.2] for a different approach to prove Lemma A2 (a).
Appendix B: Complements on p-divisible groups
Let p, k, W (k), and B(k) be as in Appendix A. Let σ := σk be the Frobenius
automorphism of k, W (k), and B(k). We fix an algebraic closure B(k) of B(k). Let
Gal(B(k)) := Gal(B(k)/B(k)). Let D be a p-divisible group over W (k). Let ♭t be the
Cartier dual of a p-divisible group ♭. Let (M,φ) be the F -crystal of Dk (i.e., the contravari-
ant Dieudonne´ module of Dk with the Verschiebung map suppressed). Thus M is a free
W (k)-module of rank equal to the height of D and φ :M →M is a σ-linear endomorphism
such that we have pM ⊆ φ(M). Let F 1 be the direct summand of M that is the Hodge
filtration defined by D. We have φ(M + 1
p
F 1) = M . The rank of F 1 is the dimension of
Dk. Let M
∨ := Hom(M,W (k)). Let T(M) and its filtration (F i(T(M)))i∈Z defined by
F 1, be as in Subsection 2.1. For f ∈M∨[ 1p ] let φ(f) := σ ◦ f ◦ φ
−1 ∈M∨[ 1p ]. Thus φ acts
in the usual tensor product way on T(M [ 1p ]).
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B1. Galois modules. Let H1(D) := Tp(D
t
B(k))(−1) be the dual of the Tate-module
Tp(DB(k)) ofDB(k). ThusH
1(D) is a free Zp-module of the same rank asM and Gal(B(k))
acts on it. Let F 0(H1(D)) := H1(D) and F 1(H1(D)) := 0. Let
ρD : Gal(B(k))→GLH1(D)(Zp)
be the natural Galois representation associated to DB(k). Let D
e´t be the schematic closure
in GLH1(D) of Im(ρD); it is a flat, affine group scheme over Zp. From [W, Prop. 4.2.3]
one gets that the generic fibre De´tQp is connected. See Subsection 2.1 for T(H
1(D)); it
is naturally a Gal(B(k))-module. By an e´tale Tate-cycle on DB(k) we mean a tensor of
T(H1(D[ 1p ])) = T(H
1(D))[ 1p ] that is fixed by Gal(B(k)) (equivalently by D
e´t
Qp
). In what
follows we will fix a family (vα)α∈J of e´tale Tate-cycles on DB(k). Let G
e´t be the schematic
closure in GLH1(D) of the subgroup of GLH1(D)[ 1p ] that fixes vα for all α ∈ J. The affine
group scheme De´t is a flat subgroup scheme of Ge´t.
B2. Fontaine comparison theory. We refer to [Fo], [Fa2], and [V8] for the following re-
view on Fontaine comparison theory. This theory provides us with three rings B+crys(W (k)),
Bcrys(W (k)), and BdR(W (k)) that have the following six properties.
(i) The rings are integral W (k)-algebras equipped with exhaustive and decreasing
filtrations and with a Galois action. Moreover BdR(W (k)) is a field.
(ii) We have W (k)-monomorphisms B+crys(W (k)) →֒ Bcrys(W (k)) →֒ BdR(W (k)).
(iii) The ring B+crys(W (k)) is faithfully flat over W (k) and has a natural Frobenius
lift that is compatible with σ and that also extends to an endomorphism of Bcrys(W (k)).
(iv) There exists a B+crys(W (k))-linear monomorphism
i+D :M ⊗W (k) B
+
crys(W (k)) →֒ H
1(D)⊗Zp B
+
crys(W (k))
that respects the tensor product filtrations, the Galois actions, and the Frobenius endo-
morphisms (the Frobenius endomorphism of H1(D) being 1H1(D)).
(v) The BdR(W (k))-linear map iD := i
+
D ⊗ 1BdR(W (k)) is a bijection that induces
naturally a BdR(W (k))-linear isomorphism denoted in the same way
iD : T(M)⊗W (k) BdR(W (k))
∼→T(H1(D))⊗Zp BdR(W (k)).
(vi) Each e´tale Tate-cycle vα on DB(k) defines a tensor tα := i
−1
D (vα) ∈ T(M)⊗W (k)
BdR(W (k)) which in fact belongs to F
0(T(M))[ 1
p
] ⊆ T(M)[ 1
p
] and is fixed by φ.
Let G be the schematic closure in GLM of the subgroup of GLM [ 1p ] that fixes tα for
all α ∈ J. It is a flat, closed subgroup scheme of GLM such that we have φ(Lie(GB(k))) =
Lie(GB(k)). Let µ : Gm,W (k) → G be a cocharacter that produces a direct sum decomposi-
tion M = F 1⊕F 0 such that for each i ∈ {0, 1}, every β ∈ Gm,W (k)(W (k)) acts through µ
on F i as the multiplication with β−i. For instance, we can take µ to be the factorization
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through G of the inverse of the canonical split cocharacter µcan : Gm,W (k) → GLM of
(M,F 1, φ) defined in [W, p. 512] (µcan fixes each tα, cf. the functorial properties in [W,
p. 513]).
We identify Hom(F 1, F 0) with the direct summand {e ∈ End(M)|e(F 0) = 0, e(F 1) ⊆
F 0} of End(M). Let Ubig and U be the smooth, unipotent, closed subgroup schemes of
GLM and G (respectively) defined by the rule: if ⋄ is an arbitrary commutative W (k)-
algebra, then Ubig(⋄) := 1M⊗W (k)⋄ +Hom(F
1, F 0)⊗W (k) ⋄ and
U(⋄) := 1M⊗W (k)⋄ + (Lie(GB(k)) ∩Hom(F
1, F 0))⊗W (k) ⋄.
We have Lie(Ubig) = Hom(F
1, F 0) and Lie(U) = (Lie(GB(k)) ∩Hom(F
1, F 0)).
B2.1. Lemma. Let µ1 : Gm,W (k) → G be a cocharacter such that we have a direct sum
decomposition M = F 11 ⊕ F
0
1 with the properties that Gm,W (k) acts through µ1 on each F
i
1
via the weight −i and we have F 11 /pF
1
1 = F
1/pF 1. Then there exists v ∈ pLie(U) such
that for u := 1M + v ∈ Ker(U(W (k))→ U(k)) we have u(F
1) = F 11 .
Proof: There exists a unique element u ∈ Ker(Ubig(W (k)) → Ubig(k)) such that we have
an identity u(F 1) = F 11 . We write u = 1M+v, where v ∈ pHom(F
1, F 0) = pLie(Ubig). Let
T(M) = ⊕i∈ZF˜
i(T(M)) be the direct sum decomposition such that Gm,W (k) acts on each
F˜ i(T(M)) through µ via the weight −i. The filtration (F i(T(M)))i∈Z of T(M) defined by
F 1 satisfies for all i ∈ Z the following identity F i(T(M)) = ⊕j ≥ iF˜
j(T(M)). As µ and
µ1 are two cocharacters of G, they fix each tα. In particular, we have tα ∈ F˜
0(T(M))[ 1
p
]
and the tensor u−1(tα) = (1M − v)(tα) belongs to F
0(T(M))[ 1
p
]. As v ∈ Hom(F 1, F 0) ⊆
F˜−1(T(M)), the component of (1M − v)(tα) in F˜
−1(T(M))[ 1p ] is −v(tα) as well as 0. Thus
v annihilates tα for all α ∈ J and therefore v ∈ pHom(F
1, F 0) ∩ Lie(GB(k)) = pLie(U). 
B2.2. Lemma. We assume that the group scheme G is smooth. Then [1M+
1
pLie(U)]/U(W (k))
is the intersection of [1M +
1
pLie(Ubig)]/Ubig(W (k)) and G(B(k))/G(W (k)) taken inside
GLM (B(k))/GLM (W (k)).
Proof: It suffices to show that if c ∈ 1pLie(Ubig) and g ∈ G(B(k)) are such that g(M) =
(1M+c)(M), then the reduction X¯ ∈ Lie(Ubig,k) of X := pc modulo p is in fact an element
of Lie(Uk). Below the 2× 2 block matrices will be with respect to (the reduction modulo
p of) the direct sum decomposition M = F 1 ⊕ F 0. We consider the smooth subgroup
schemes G1 := gGg
−1 of GLg(M) = GL(1M+c)(M) and G˜ := (1M − c)G1(1M + c) of GLM .
Both Ubig and U are closed subgroup schemes of GL(1M+c)(M). As G is smooth, we have
Ubig ∩ G = U (cf. [CGP, Prop. 2.1.8 (3)]). As G1,B(k) = GB(k) and X ∈ Lie(Ubig),
the groups H0,1 and H0 of W (k)-valued points of G1 and G (respectively) that map to
k-valued points of Ubig coincide. From this and the smoothness of G and G1, we get
that (Ubig ∩ G1)(k) = (Ubig ∩ G)(k) = U(k). For each t ∈ W (k), the element
(
1+pt 0
0 1
)
∈
µ(W (k)) ⊂ H0 = H0,1 belongs to G1(W (k)). Thus
(
1 0
−c 1
)(
1+pt 0
0 1
)(
1 0
c 1
)
=
(
1+pt 0
−tX 1
)
belongs
to G˜(W (k)) and therefore
(
1 0
t¯X¯ 1
)
belongs to G˜(k) for all t¯ ∈ k. Conjugating with 1M + c we
get that
(
1 0
t¯X¯ 1
)
belongs to (Ubig∩G1)(k) = U(k) for all t¯ ∈ k. Thus we have X¯ ∈ Lie(Uk).
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B3. Theorem ([V8, Thm. 1.2]). If p = 2, then we assume that D is a direct sum
of connected and e´tale p-divisible groups (for instance, this holds if Ge´t is a torus). Then
there exist isomorphisms ̺D : (M, (tα)α∈J)
∼→ (H1(D)⊗Zp W (k), (vα)α∈J) (in the sense of
Subsection 2.1).
If Ge´t is a reductive group scheme over Zp and if for p = 2 the 2-divisible group D is
connected, then Theorem B3 is also proved in [Ki, Cor. 1.4.3].
B4. Lemma. Let k1 be an algebraically closed field that contains k. We assume that there
exists an isomorphism (M ⊗W (k) W (k1), (tα)α∈J)
∼→ (H1(D) ⊗Zp W (k1), (vα)α∈J). Then
there exists an isomorphism ̺D : (M, (tα)α∈J)
∼→ (H1(D)⊗Zp W (k), (vα)α∈J).
Proof: To check the existence of ̺D we can assume that we have tα ∈ T(M) and vα ∈
H1(D) for all α ∈ J. Thus we an speak about the affine W (k)-scheme of finite type P
that parameterizes isomorphisms between (M, (tα)α∈J) and (H
1(D) ⊗Zp W (k), (vα)α∈J).
We know that P has a W (k1)-valued point. As the monomorphism W (k) →֒ W (k1) is of
ramification index one, from [BLR, Ch. 3, Sect. 3.6, Prop. 4] we get that there exists a
morphism P′ → P of W (k)-schemes such that P′ is smooth over W (k) and has a W (k1)-
valued point. Thus the special fibre P′k is non-empty. As P
′ is smooth over W (k) and has
a non-empty special fibre, it has W (k)-valued points. Therefore P also has W (k)-valued
points and thus the isomorphism ̺D exists. 
B5. Group correspondences. Let Fe´tQp be a reductive, closed subgroup of G
e´t
Qp
. The
restriction to Lie(Fe´tQp) of the trace form on End(H
1(D)[ 1p ]) is non-degenerate, cf. Lemma
A2 (b). Let Lie(Fe´tQp)
⊥ be the perpendicular on Lie(Fe´tQp) with respect to the trace form
on End(H1(D)[ 1p ]); we have a direct sum decomposition of Qp-vector spaces
End(H1(D)[
1
p
]) = Lie(Fe´tQp)⊕ Lie(F
e´t
Qp
)⊥.
Let πe´t be the projector of End(H1(D)[ 1p ]) on Lie(F
e´t
Qp
) along Lie(Fe´tQp)
⊥; it is an idempo-
tent of End(H1(D)[ 1
p
]) fixed by each subgroup of GLH1(D)[ 1p ] that normalizes F
e´t
Qp
.
If De´tQp normalizes F
e´t
Qp
(for instance, this holds if Fe´tQp is a normal subgroup of G
e´t
Qp
),
then πe´t is fixed by De´tQp and thus also by Im(ρD) and therefore we can speak about the
projector πcrys of End(M [ 1
p
]) that corresponds to πe´t via Fontaine comparison theory.
B5.1. Lemma. We assume that De´tQp normalizes F
e´t
Qp
. Then the following two properties
hold:
(a) There exists a unique reductive subgroup FB(k) of GB(k) whose Lie algebra is
Im(πcrys).
(b) If the generic fibre of µcan factors through FB(k), then D
e´t
Qp
is a subgroup of Fe´tQp .
Proof: We check (a). As i−1D is a BdR(W (k))-linear isomorphism that takes π
e´t to πcrys,
the group i−1D (F
e´t
Qp
×Spec Qp Spec BdR(W (k)))iD is a subgroup of
i−1D (G
e´t
Qp
×Spec Qp Spec BdR(W (k)))iD = GB(k) ×Spec B(k) Spec BdR(W (k))
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whose Lie algebra is Im(πcrys) ⊗B(k) BdR(W (k)). Thus as BdR(W (k)) is a field, from
Lemma A2 (a) applied with (W,L, η, η1) = (M [
1
p
], Im(πcrys), B(k), BdR(W (k))), we get
that there exists a unique reductive subgroup FB(k) of GLM [ 1p ] whose Lie algebra is
Im(πcrys). As FB(k)×Spec B(k)Spec BdR(W (k)) is a subgroup of GB(k)×Spec B(k)Spec BdR(W (k)),
the group FB(k) is in fact a subgroup of GB(k). Thus (a) holds.
We check (b). Let lcan be the Lie algebra of the image of the generic fibre of µcan.
As πcrys is fixed by φ, the Lie algebra Lie(FB(k)) = Im(π
crys) is normalized by φ. Let
DB(k) be the smallest connected subgroup of FB(k) with the property that its Lie algebra
Lie(DB(k)) contains φ
m(lcan) for all m ∈ Z. From [Bo, Ch. I, Sect. 7.1] we get that all
conjugates of the generic fibre of µcan through integral powers of φ factor through DB(k)
and DB(k) is the smallest subgroup of FB(k) that has this property. This implies that
DB(k) corresponds to D
e´t
Qp
via Fontaine comparison theory (cf. [W, Prop. 4.2.3]) i.e., we
have an identity
De´tQp ×Spec Qp Spec BdR(W (k)) = iD(DB(k) ×Spec B(k) Spec BdR(W (k)))i
−1
D
of subgroups of GLH1(D)⊗ZpBdR(W (k)). As DB(k) is a subgroup of FB(k) and as F
e´t
Qp
×Spec Qp
Spec BdR(W (k)) = iD(FB(k) ×Spec B(k) Spec BdR(W (k)))i
−1
D , we get that (b) holds. 
B5.2. Remark. As we also have Ge´tQp ×Spec Qp Spec BdR(W (k)) = iD(GB(k) ×Spec B(k)
Spec BdR(W (k)))i
−1
D , the groups G
e´t
Qp
×Spec Qp Spec B(k) and GB(k) are forms of each other.
B6. Faltings deformation theory. Let l ∈ N. Let R = W (k)[[x1, . . . , xl]] be the ring
of formal power series in l variables with coefficients inW (k). Let ΦR be the Frobenius lift
of R that is compatible with σ and that takes xi to x
p
i for all i ∈ {1, . . . , l}. We consider
the ideal I := (x1, . . . , xl) of R. Let ΩˆR/W (k) = ⊕
l
i=1Rdxi be the I-adic completion of the
R-module of relative differentials ΩR/W (k). Let dΦR : ΩˆR/W (k) → ΩˆR/W (k) be the (I-adic
completion of the) differential map of ΦR.
Let (MR, F
1
R,Φ) be a triple such that the following four axioms hold:
(i) MR is a free R-module of rank equal to the height of D;
(ii) F 1R is a direct summand of MR of rank equal to the rank of F
1;
(iii) Φ : MR → MR is a ΦR-linear endomorphism that induces an R-linear isomor-
phism (MR +
1
p
F 1R)⊗R ΦRR
∼→MR;
(iv) the reduction of (MR, F
1
R,Φ) modulo I is canonically identified with (M,F
1, φ).
Let Φ act in the natural tensor way on T(MR)[
1
p
]. For instance, if e ∈ M∨R :=
Hom(MR, R), then Φ(e) ∈ M
∨
R [
1
p ] is the unique element such that we have Φ(e)(Φ(a)) =
ΦR(e(a)) ∈ R for all a ∈MR.
It is known that there exists a unique connection ∇ : MR → MR ⊗R ΩˆR/W (k) such
that we have an identity ∇ ◦ Φ = (Φ ⊗ dΦR) ◦ ∇ and that ∇ is integrable and nilpotent
modulo p, cf. either [Fa2, Thm. 10] or [V8, Thm. 3.2 and Cor. 3.3.2]. By viewing
T(M)[ 1p ] as a module over the Lie algebra (associated to) End(M), we can view also ∇ as
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a connection on the R-module T(M)[ 1p ] and thus it makes sense to say that it annihilates
some specific tensor of T(M)[ 1p ].
B6.1. Lemma. There exists a unique p-divisible group DR over R which modulo the ideal
I is D and such that its filtered F -crystal over R/pR is (MR, F
1
R,Φ,∇).
Proof: Let J be an ideal of R such that R is complete in the J-adic topology (e.g., (p), I,
or pI). Let Spf R be the formal scheme which is the formal completion of Spec R along
Spec R/J . The categories of p-divisible groups over Spec R and respectively over Spf R
are canonically isomorphic, cf. [Me, Ch. II, Lem. 4.16]; below we will use this fact without
any extra comment. The existence of DR is implied by [Fa2, Thm. 10]. The uniqueness
of the fibre DR/pR of DR over Spec R/pR is implied by [BM, Thm. 4.1.1]. As the ideal
p(I/Im) of R/Im has a natural nilpotent divided power structure for all m ∈ N∗, from the
Grothendieck–Messing deformation theory we get that DR is the unique p-divisible group
over R that lifts both D and DR/pR and whose filtered F -crystal is (MR, F
1
R,Φ,∇). 
B6.2. Lemma. We assume that D has a principal quasi-polarization λD. Let ψM be the
perfect, alternating form on M that is the crystalline realization of λD (for all a, b ∈ M
we have ψM (φ(a), φ(b)) = pσ(ψM (a, b))). We also assume that there exists a perfect,
alternating form ψMR on MR that lifts ψM (i.e., which modulo I is ψM ), that satisfies
ψMR(F
1
R, F
1
R) = 0 (i.e., F
1
R is anisotropic with respect to ψMR), and such that for all
a, b ∈ MR we have ψMR(Φ(a),Φ(b)) = pΦR(ψMR(a, b)). Then there exists a unique prin-
cipal quasi-polarization λDR of DR which modulo the ideal I is λD and whose crystalline
realization is ψMR .
Proof: Let (M tR, F
1t
R ,Φ
t,∇t) be the filtered F -crystal over R/pR of the Cartier dual DtR
of DR. The form ψMR defines naturally an isomorphism θ0 : (M
t
R, F
1t
R ,Φ
t) ∼→ (MR, F
1
R,Φ).
As the connections ∇ and ∇t are uniquely determined by (MR, F
1
R,Φ) and (M
t
R, F
1t
R ,Φ
t)
(respectively), θ0 extends to an isomorphism θ : (M
t
R, F
1t
R ,Φ
t,∇t) ∼→ (MR, F
1
R,Φ,∇) of
filtered F -crystals over R/pR.
The ring R/pR has a finite p-basis {x1, . . . , xl} in the sense of [BM, Def. 1.1.1].
Thus from the fully faithfulness part of [BM, Thm. 4.1.1] we get that there exists a unique
principal quasi-polarization λDR/pR : DR/pR
∼→DtR/pR whose crystalline realization is θ; it
lifts the special fibre of λD. As the ideal p(I/I
m) of R/Im has a natural nilpotent divided
power structure for all m ∈ N∗, from the Grothendieck–Messing deformation theory we get
that there exists a unique principal quasi-polarization λDR of DR that lifts both λDR/pR
and λD and whose crystalline realization is ψMR . 
B6.3. Construction. Let M = F 1 ⊕ F 0, U , and Ubig be as before Lemma B2.2. Let
G′ be the universal smoothening of G, cf. A1. We assume that G is a closed subgroup
scheme of GSp(M,ψM) and that R = W (k)[[x1, . . . , xl]] is the completion of the local ring
of G′ at the identity element of G′k. Thus the relative dimension of G over W (k) is l. Let
guniv ∈ G
′(R) be the universal element. The closed embedding U →֒ G factors through G′
(cf. A1); thus U is a closed subgroup scheme of G′.
We define (MR, F
1
R) := (M,F
1)⊗W (k) R and Φ := guniv(φ⊗ ΦR). Let
Cuniv := (MR, F
1
R,Φ,∇, (tα)α∈J).
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We have the following three properties:
(i) the connection on T(MR) = T(M)⊗W (k) R induced naturally by ∇ (and denoted
in the same way) annihilates the tensor tα ∈ T(M)⊗W (k) R[
1
p ] for all α ∈ J;
(ii) the connection ∇ is of the form δ + γ, where δ is the flat connection on MR =
M ⊗W (k) R that annihilates M ⊗ 1 and where γ ∈ (Lie(GB(k))∩End(M))⊗W (k) ΩˆR/W (k);
(iii) the connection ∇ is versal and its Kodaira–Spencer map has an image Θ which
is the direct summand Lie(U)⊗W (k) R of Lie(Ubig)⊗W (k) R
∼→ Hom(F 1,M/F 1)⊗W (k) R.
As φ fixes tα and ∇ ◦ Φ = (Φ⊗ dΦR) ◦ ∇, we have ∇(tα) = (Φ⊗ dΦR)(∇(tα)). As
dΦR(xi) = px
p−1
i dxi, by induction on n ∈ N
∗ we get that∇(tα) ∈M⊗W (k)I
n(⊕li=1Rdxi)[
1
p
].
This implies that (i) holds. Property (ii) follows from the property (i) and the fact that
Lie(GB(k)) ∩ End(M) is the Lie subalgebra of End(M) which annihilates tα for all α ∈ J.
To check (iii), we first remark that the property (ii) implies that Θ is contained in the
image of (Lie(GB(k))∩End(M))⊗W (k)R in Lie(Ubig)⊗W (k)R
∼→ Hom(F 1,M/F 1)⊗W (k)R
and thus it is contained in Lie(U) ⊗W (k) R. It is easy to see that γ modulo (p, I
p−1)
is g−1univdguniv modulo (p, I
p−1) (for instance, this follows from [V8, Equations (11) and
(12)]). Thus, as U is a closed subgroup scheme of G′ and as guniv ∈ G
′(R) is the universal
element, we get that Θ surjects onto Lie(U) ⊗W (k) R/(p, I). From this and the inclusion
Θ ⊆ Lie(U)⊗W (k) R we get that the property (iii) holds.
Let m ∈ N, R1 :=W (k)[[x1, . . . , xm]], and Z := Spec R1. Let ΦR1 be the Frobenius
lift of R1 that is compatible with σ and that takes xi to x
p
i for all i ∈ {1, . . . , m}. We
consider the ideal I1 := (x1, . . . , xm) of R1.
Let (M1, F
1
1 ,Φ1,∇1) be a filtered F -crystal over R1/pR1. Thus:
(iv) Φ1 induces an R1-linear isomorphism (M1 +
1
pF
1
1 )⊗R1 ΦR1R1
∼→M1;
Let C1 := (M1, F
1
1 ,Φ1,∇1, (t1,α)α∈J), where (t1,α)α∈J is a family of tensors (t1,α)α∈J
of T(M1)[
1
p ] such that the following two axioms hold (here T(M1) is as in Subsection 2.1):
(v) each tensor t1,α is fixed by Φ1, is annihilated by ∇1, and belongs to F
0(T(M1))[
1
p ]
(here (F i(T(M1)))i∈Z is the filtration of T(M1) defined by F
1
1 , cf. Subsection 2.1);
(vi) its reduction modulo the ideal I1 is (M,F
1, φ, (tα)α∈J).
The R1-module M1 is free of rank equal to the rank of M , cf. property (vi). Let
zZ : SpecW (k) →֒ Z be the closed embedding defined by the ideal I1 of R1.
B6.4. Theorem. (a) There exists a morphism iZ : Z → Spec R of W (k)-schemes such
that guniv ◦ iZ ◦ zZ is the identity section of G
′ and C1 is isomorphic to i
∗
Z(Cuniv) under an
isomorphism which modulo the ideal I1 becomes the identity automorphism of 1M .
(b)We assume that D has a principal quasi-polarization λD. Let ψM be as in Lemma
B6.2 and let ψMR := ψM (viewed as a perfect, alternating form on MR = M ⊗W (k) R).
We also assume that there exists a perfect, alternating form ψM1 on M1 which modulo I1
is ψM and which is a principal quasi-polarization of the filtered F -crystal (M1, F
1,Φ1,∇1)
over R1/pR1. Then (C1, ψ1) is isomorphic to i
∗
Z(Cuniv, ψMR) under an isomorphism which
modulo the ideal I1 becomes the identity automorphism of 1M .
45
Proof: If G is smooth, then part (a) is a particular case of [Fa2, Thm. 10 and Rm. iii)
after it]. To prove (a) in the general case, we follow the proof of [V8, Thm. 5.3]. Let DR1
be the unique p-divisible group over R1 which modulo the ideal I1 is D and whose filtered
F -crystal over R1/pR1 is (M1, F
1
1 ,Φ1,∇1), cf. Lemma B6.2.
By induction on s ∈ N∗ we show that there exists a morphism iZ,s : Spec R1/I
s
1 →
Spec R ofW (k)-schemes which at the level of rings maps I to I1/I
s
1 and such that i
∗
Z,s(DR)
is isomorphic to DR1 modulo I
s
1 under a unique isomorphism Is that has the following two
properties:
(i) it lifts the identity automorphism of D;
(ii) its crystalline Dieudonne´ realization defines an isomorphism Es between C1 mod-
ulo Is1 and i
∗
Z,s(Cuniv) which modulo I1/I
s
1 is the identity automorphism of 1M .
As ΦR1(I1) ⊆ I
p
1 and the ideal I1/I
s
1 is complete, such an isomorphism Es is unique.
We take iZ,1 to be defined by the W (k)-epimorphism R։ R/I = W (k) = R1/I1 and we
take I1 and E1 to be defined by the identity automorphism of D and by 1M (respectively).
Thus the existence and the uniqueness of iZ,1 and I1 are obvious.
For s ≥ 2 the passage from s − 1 to s goes as follows. We endow the ideal Js :=
Is−11 /I
s
1 of R1/I
s
1 with the trivial divided power structure; thus J
[2]
s = 0. The uniqueness
of Is is implied by the uniqueness of Is−1 and Es, cf. Grothendieck–Messing deformation
theory. To end the induction, we check that we can choose iZ,s such that Is and Es exist.
Let i˜Z,s : Spec R1/I
s
1 → Spec R be an arbitrary morphism of W (k)-schemes through
which iZ,s−1 factors naturally. We write
i˜∗Z,s(Cuniv) = (M ⊗W (k) R1/I
s
1, F
1 ⊗W (k) R1/I
s
1, sΦ, s∇, (tα)α∈J).
Due to the existence of Is−1, there exists (cf. Grothendieck–Messing deformation the-
ory) a direct summand sF
1 of M ⊗W (k) R1/I
s
1 that lifts F
1 ⊗W (k) R1/I
s−1
1 and such
that the quintuple (M1, F1,Φ1,∇1) modulo I
s
1 is isomorphic to the quintuple (M ⊗W (k)
R1/I
s
1, sF
1, sΦ, s∇) under an isomorphism E˜s that lifts the one defined by Es−1. Let
t1,α,s ∈ T(M ⊗W (k) R1/I
s
1) be the image under E˜s of t1,α. As t1,α is fixed by Φ1, t1,α,s
is fixed by sΦ. As E˜s lifts Es−1, the reductions modulo Js of tα and t1,α,s coincide. As
sΦ(T(M)⊗W (k) Js) = 0, inside T(M)⊗W (k) R1/I
s
1 we have
t1,α,s − tα = sΦ(t1,α,s − tα) ∈ sΦ(T(M)⊗W (k) Js) = 0.
Thus we have t1,α,s = tα ∈ T(M)⊗W (k) R1/I
s
1 for all α ∈ J.
Let vs ∈ Lie(Ubig)⊗W (k) Js be the unique element such that we have
(1M⊗W (k)R1/Is1 + vs)(F
1 ⊗W (k) R1/I
s
1) = sF
1.
As each t1,α,s = tα belongs to the F
0-filtrations defined by either sF
1 or F 1 ⊗W (k) R1/I
s
1
and as the W (k)-module Is is torsionless, as in [V8, proof of Thm. 5.3, bottom of p. 241
and top of p. 242] we argue that vs ∈ Lie(U) ⊗W (k) Js. Based on this and the property
(iii) of Subsubsection B6.3, as in [V8, proof of Thm. 5.3, p. 242] we argue that we can
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replace i˜Z,s by another morphism iZ,s : Spec R1/I
s
1 → Spec R through which iZ,s−1 factors
and for which sF
1 gets replaced by (i.e., becomes) F 1 ⊗W (k) R1/I
s
1. From Grothendieck–
Messing deformation theory we get that i∗Z,s(DR) is isomorphic to DR1 modulo I
s
1 under an
isomorphism Is which lifts Is−1 and which defines an isomorphism Es between C1 modulo
Is1 and i
∗
Z,s(Cuniv). As Is lifts Is−1, the uniqueness of Es−1 implies that Es lifts Es−1. This
ends the induction.
We take iZ : Z → Spec R such that it lifts iZ,s for all s ∈ N
∗. From the very
definition of iZ,1 we get that guniv ◦ iZ ◦zZ is the identity section of G
′. Moreover, i∗Z(Cuniv)
is isomorphic to C1 under an isomorphism that lifts Es for all s ∈ N
∗. Thus (a) holds.
Part (b) follows from (a) and the fact that ψM1 is the unique principal quasi-
polarization of (M1, F
1,Φ,∇1) which modulo I1 is ψM . 
B6.5. Variant of Subsubsections B6.3 and B6.4. Let d ∈ N be the rank of Lie(U) =
Lie(GB(k))∩Hom(F
1, F 0). Let S :=W (k)[[x1, . . . , xd]] and I0 := (x1, . . . , xd) be its ideal.
We consider an arbitrary closed embedding Spec S →֒ Spec R such that the following two
properties hold:
(i) at the level of W (k)-algebras, the ideal I of R maps to the ideal I0 of S;
(ii) the pull-back Duniv of Cuniv via the closed embedding Spec S →֒ Spec R, has a
Kodaira–Spencer map which is injective and whose image equals to the direct summand
Lie(U)⊗W (k) S of Lie(Ubig)⊗W (k) S
∼→ Hom(F 1,M/F 1)⊗W (k) S.
The proof of Theorem B6.4 applies to give us that there exists a morphism jZ : Z →
Spec S of W (k)-schemes such that C1 is isomorphic to j
∗
Z(Duniv) under an isomorphism
which modulo I1 becomes the identity automorphism of 1M . As the Kodaira–Spencer
map of Duniv is injective, the morphism jZ is unique. In simpler words, we can choose
iZ : Z → Spec R to factor through the closed embedding Spec S →֒ Spec R and the
resulting factorization is our unique morphism jZ : Z → Spec S.
The following result complements Theorem B3 for p = 2.
B7. Theorem. We assume that p = 2 and that one of the following two conditions holds:
(i) the group scheme G is reductive;
(ii) the 2-divisible group Dk is ordinary.
(a) Then there exists a 2-divisible group D′ over W (k) which lifts Dk, whose filtered
F -crystal over k is as well the triple (M,F 1, φ), and for which there exists an isomor-
phism ̺D′ : (M, (tα)α∈J)
∼→ (H1(D′) ⊗Z2 W (k), (vα)α∈J). Here vα ∈ T(H
1(D′))[ 1
2
] =
T(H1(D))[ 12 ] is the tensor that corresponds to tα via Fontaine comparison theory for ei-
ther D′ or D (cf. the canonical identification H1(D′)[ 1
2
] = H1(D)[ 1
2
] induced by the
BdR(W (k))-linear isomorphism iD′ ◦ i
−1
D ).
(b) We assume that there exists a principal quasi-polarization λDk of Dk such that
its crystalline realization is a perfect, alternating form ψM on M whose W (k)-span is
normalized by G and for which we have ψM (F
1, F 1) = 0. Then we can assume that D′
and ̺D′ are such that there exists a principal quasi-polarization λD′ of D
′ which lifts λDk
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and whose e´tale realization is a perfect, alternating form λH1(D′) on H
1(D′) such that ̺D′
is in fact an isomorphism ̺D′ : (M, (tα)α∈J, ψM )
∼→ (H1(D′)⊗Z2 W (k), (vα)α∈J, λH1(D′)).
(c) If (ii) holds, then we moreover assume that G is smooth. Then the number of
D′’s (resp. of (D′, λD′)’s) for which (a) (resp. (b)) holds is 2
a, where a is the multiplicity
of the Newton polygon slope −1 for (Lie(G)[ 1
2
], φ). Moreover, if we can take D′ = D, then
each other such D′ is as well a pull-back of the 2-divisible group DR of Lemma B6.1 via
a morphism Spec W (k) → Spec R and a pull-back of the 2-divisible group DR of Lemma
B6.1 via a uniquely determined morphism Spec W (k) → Spec R that factors through the
closed embedding Spec S →֒ Spec R introduced in Subsubsection B6.5.
(d) We assume that (ii) holds and that φ(F 1) = 2F 1. Then referring to (a), as D′
we can take the canonical lift of Dk.
Proof: We prove (a). We consider the direct sum decomposition
(M,φ) = (M0, φ)⊕ (M>0, φ)
such that φ(M0) =M0 and φ :M>0 →M>0 is topologically nilpotent. We check that there
exists a cocharacter µ˜ : Gm,W (k) → G which normalizes the descending Newton polygon
slope filtration of (M,φ) (in particular, it normalizesM>0) and which produces naturally a
direct sum decomposition M = F˜ 1 ⊕ F˜ 0 such that F˜ 1/2F˜ 1 = F 1/2F 1 (for each i ∈ {0, 1},
every β ∈ Gm,W (k)(W (k)) acts through µ˜ on F˜
i as the multiplication by β−i); this implies
that we have F˜ 1 ⊆ M>0. If G is a reductive group scheme over W (k), then the existence
of µ˜ is a particular case of [V7, Thm. 1.3.1 or Cor. 1.3.2 (a)]. If Dk is ordinary, then we
have φ(M>0) = 2M>0 and we can take F˜
1 =M>0 and F˜
0 =M0; the resulting cocharacter
µ˜ : Gm,W (k) →GLM fixes each tα (as µ˜ is the inverse of the Newton cocharacter of (M,φ)
and as we have φ(tα) = tα for all α ∈ J), and therefore it factors through G as desired.
Let D˜ = D˜0 ⊕ D˜>0 be the unique 2-divisible group over W (k) such that the fil-
tered F -crystals of D˜0 and D˜>0 are (M0, 0, φ) and (M>0, F˜
1, φ) (respectively), cf. [V8,
Prop. 2.2.6] for the uniqueness of D˜>0. If Dk is ordinary, then D˜ is the canonical lift of Dk.
From Theorem B3 we get the existence of an isomorphism ̺D˜ : (M, (tα)α∈J)
∼→ (H1(D˜)⊗Z2
W (k), (v˜α)α∈J), where v˜α ∈ T(H
1(D˜))[ 12 ] corresponds to tα via Fontaine comparison the-
ory for D˜. Thus if F˜ 1 = F 1, then we can take D′ = D˜.
In the general case (thus F˜ 1 could now be different from F 1), we will use the de-
formation theory of Subsection B6 for D˜ in order to prove that D′ exists. If G is a
reductive group scheme, then we have G′ = G. Let R, I, MR, Φ, ∇ be as in Subsubsection
B6.3. Let F˜ 1R := F˜
1 ⊗W (k) R. There exists a unique 2-divisible group D˜R over R which
modulo the ideal I is D˜ and whose filtered F -crystal over R/2R is (MR, F˜
1
R,Φ,∇), cf.
Lemma B6.1 applied to (D˜, F˜ 1R) instead of (D,F
1
R). Let C˜univ := (MR, F˜
1
R,Φ,∇, (tα)α∈J)
be the last filtered F -crystal endowed with the family (tα)α∈J of crystalline tensors. Let
z : Spec W (k) → Spec R be the closed embedding defined by the ideal I of R. We have
z∗(D˜R) = D˜. We emphasize that the pull-backs of D˜R and DR to Spec R/2R coincide, cf.
[BM, Thm. 4.1.1]. Thus a closed embedding Spec S →֒ Spec R chosen as in Subsubsection
B6.5 working with DR works as well for D˜R.
Let K be the field of fractions of R. From [V8, Subsubsect. 3.4.2 and Lem. 3.4.3] we
get that for each α ∈ J there exists an e´tale Tate-cycle V˜α ∈ T(H
1(D˜K))[
1
2 ] on D˜K which
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corresponds to tα via Fontaine comparison theory for D˜K . If z1 : Spec W (k)→ Spec R is
a closed embedding, then the filtered F -crystal of D1 := z
∗
1(D˜R) is of the form (M,F
1
1 , φ)
for a suitable direct summand F 11 of M which lifts F
1/2F 1 and moreover to each tα
corresponds an e´tale Tate-cycle v1,α ∈ T(H
1(D1))[
1
2
] on D1,B(k) in such a way that we
have a canonical isomorphism (H1(D˜K), (V˜α)α∈J) = (H
1(D1), (v1,α)α∈J) (see proof of
[V8, Lem. 3.4.3]).
Thus we have a canonical identification (H1(D˜), (v˜α)α∈J) = (H
1(D1), (v1,α)α∈J).
Therefore the existence of ̺D˜ implies the existence of an isomorphism ̺D1 : (M, (tα)α∈J)
∼→
(H1(D1)⊗Z2 W (k), (v1,α)α∈J). Thus to end the proof of (a) it suffices to show that we can
choose z1 such that we have F
1
1 = F
1 (and then we can take D′ = D1). Let v ∈ 2Lie(U)
be such that for u := 1M + v ∈ Ker(U(W (k)) → U(k)) we have u(F˜
1) = F 1, cf. Lemma
B2.1. By denoting z1,0 : Spec k →֒ Spec R the closed point of Spec R, by induction on
s ∈ N∗ we check that there exists a morphism z1,s : Spec Ws(k) → Spec R which lifts
z1,s−1 and such that the Hodge filtration of z
∗
1,s(D˜R) is the direct summand F
1/2sF 1 of
M/2sM . We can take z1,1 := z1,0. For s ≥ 2, assuming that z1,s−1 exists, the existence of
the lift z1,s of z1,s−1 is implied by the property (iii) of subsubsection B6.3 and the relation
v ∈ 2Lie(U) (the arguments for these are the same as the ones of the proof of [V10, Prop.
6.4.6 (b)] and rely on the fact that our field k is algebraically closed).
To prove (b), we consider a direct sum decomposition
(M>0, φ) = (M(0,1), φ)⊕ (M1, φ)
such that φ(M1) = 2M1 and all Newton polygon slopes of (M(0,1), φ) belong to (0, 1)∩Q. As
µ˜ normalizes the descending Newton polygon slope filtration of (M,φ), we have M1 ⊆ F˜
1.
Thus (M>0, F˜
1, φ) = (M(0,1),M(0,1)∩F˜
1, φ)⊕(M1,M1, φ) and therefore we have a uniquely
determined direct sum decomposition D˜>0 = D˜(0,1) ⊕ D˜1: the filtered F -crystals of D˜(0,1)
and D˜1 are (M(0,1),M(0,1) ∩ F˜
1, φ) and (M1,M1, φ) (respectively).
As µ˜ factors through G and as G normalizes the W (k)-span of ψM , F˜
1 is a maximal
isotropic direct summand of M with respect to ψM . Due to this and the uniqueness prop-
erties of D˜ = D˜0 ⊕ D˜(0,1) ⊕ D˜1, there exists a unique principal quasi-polarization λD˜ of D˜
which lifts λDk . The e´tale realization of λD˜ is a perfect, alternating form λH1(D˜) onH
1(D˜).
We choose ̺D˜ such that we have an isomorphism ̺D˜ : (M, (tα)α∈J, ψM )
∼→ (H1(D˜) ⊗Z2
W (k), (v˜α)α∈J, λH1(D˜)), cf. [V8, Ex. 4.4.1]. Let λD˜R be the unique principal quasi-
polarization of D˜R whose reduction modulo the ideal I is λD˜ and whose crystalline real-
ization is the perfect, alternating form ψMR on MR induced naturally by ψM , cf. Lemma
B6.2 applied to (D˜, λD˜, F˜
1
R) instead of (D, λD, F
1
R).
The remaining part of the proof of (b) is the same as of (a). Briefly, it goes as follows.
If F˜ 1 = F 1, then we take (D′, λD′) = (D˜, λD˜). If F˜
1 6= F 1, then we have to consider the
filtered principally quasi-polarized F -crystal (M,F 11 , φ, ψM ) of (D1, λD1) := z
∗
1(D˜R, λD˜R)
and the e´tale realizations λH1(D˜K) and λH1(D1) of (λD˜R)K and λD1 (respectively); as above
one gets a canonical identification (H1(D˜), (v˜α)α∈J, λH1(D˜)) = (H
1(D1), (v1,α)α∈J, λH1(D1)).
If z1 : Spec W (k) → Spec R is such that F
1
1 = F
1, then by taking (D′, λD′) = (D1, λD1)
we get that (b) holds.
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To prove (c), based on the proof of (b) it suffices to consider only the non-principally
quasi-polarized case. To ease notations we can assume that D is one of the D′’s, cf. (a).
Thus there exists an isomorphism ̺D : (M, (tα)α∈J)
∼→ (H1(D) ⊗Z2 W (k), (vα)α∈J). We
will consider two cases, the first one being only a particular case of the second general one.
Case 1. We assume that F 1 = F˜ 1 and D = D˜ and thus also DR = D˜R. To
the direct sum decomposition D = D˜ = D˜0 ⊕ D˜(0,1) ⊕ D˜1 (which exists even in the
non-principally quasi-polarized case), corresponds a direct sum decomposition H1(D) =
H1(D)0 ⊕H
1(D)(0,1) ⊕H
1(D)1. If D
′ is a 2-divisible group for which (a) holds, then we
have short exact sequences 0→ D˜1 → D
′ → D˜(0,1)⊕D˜0 → 0 and 0→ D˜1⊕D˜(0,1) → D
′ →
D˜0 → 0 and H
1(D′) is a Z2-submodule of
1
2H
1(D) that contains 2H1(D) (as one can easily
check based on [V8, Prop. 2.2.6] and the proof of [V8, Lem. 2.2.5]). We get the existence
of an element c ∈ 12 Hom(H
1(D)1, H
1(D)0) such that H
1(D′) = (1M + c)(H
1(D)); it is
uniquely determined modulo Hom(H1(D)1, H
1(D)0). But as there exists an isomorphism
̺D′ : (M, (tα)α∈J)
∼→ (H1(D′) ⊗Z2 W (k), (vα)α∈J), there exists g ∈ G
e´t(B(k)) such that
H1(D′)⊗Z2 W (k) = g(H
1(D)⊗Z2 W (k)).
We claim that we can assume that c ∈ 12 [Hom(H
1(D)1, H
1(D)0) ∩ Lie(G
e´t
Q2
)]. This
is only a variant of the Lemma B2.2 over Z2 instead of W (k) which gets reduced to the
Lemma B2.2 as follows. We can assume that ̺D maps M0, M(0,1), and M1 onto H
1(D)0,
H1(D)(0,1), and H
1(D)1 (respectively), cf. Theorem B3. Thus ̺Dg̺
−1
D GLM (W (k)) =
̺D(1M + c)̺
−1
D GLM (W (k)) ∈ GLM (B(k))/GLM (W (k)) belongs to the intersection of
[1M+
1
2Lie(Ubig)]/Ubig(W (k)) and G(B(k))/G(W (k)) inside GLM (B(k))/GLM (W (k)) and
thus it is an element of [1M +
1
2Lie(U)]/U(W (k)) (cf. Lemma B2.2). This implies that
there exists an element ccrys ∈
1
2
[Hom(M1,M0) ∩ Lie(G)] such that ̺Dc̺
−1
D − ccrys ∈
Hom(M1,M0). Thus c − ̺−1D ccrys̺D ∈ Hom(H
1(D)1, H
1(D)0) ⊗Z2 W (k) and moreover
̺−1D ccrys̺D ∈
1
2 [Hom(H
1(D)1, H
1(D)0) ∩ Lie(G
e´t
Q2
)] ⊗Z2 W (k). Therefore by replacing c
with ̺−1D ccrys̺D, we get that the claim follows.
The group 12 [Hom(H
1(D)1, H
1(D)0)∩Lie(G
e´t
Q2
)]/[Hom(H1(D)1, H
1(D)0)∩Lie(G
e´t
Q2
)]
has order 2a. We conclude that the number of Z2-latticesH
1(D′) ofH1(D)[ 1
2
] such that the
above properties hold (equivalently, the number of D′’s as in (a)), is precisely 2a. The fact
that all of them are pull-backs ofDR viaW (k)-valued points of Spec R follows from the fact
that there exists a closed embedding Spec R1 →֒ Spec R defined by an ideal of R contained
in the ideal (x1, . . . , xl) and with R1 =W (k)[[x1, . . . , xa]], such that the restriction D˜R1 of
D˜R = DR to Spec R1 is a direct sum D˜R1 = D˜(0,1),R1⊕D˜0,1,R1 , where D˜0,1,R1 sits in a short
exact sequence 0→ D˜1,R1 → D˜0,1,R1 → D˜0,R1 → 0 which is a versal deformation of D˜1⊕D˜0
and which endows Spf R1 with the structure of a formal subtorus of dimension a of the
formal torus over Spf W (k) of deformations of the ordinary 2-divisible group D˜1,k ⊕ D˜0,k
over k. More precisely, if U−1 is the smooth, connected, closed subgroup scheme of U
whose Lie algebra is Hom(M1,M0)∩Lie(U) = Hom(M1,M0)∩Lie(G), then the filtered F -
crystal of D˜R1 endowed with tensors is D˜1 := (M ⊗W (k) R1, F˜
1⊗W (k) R1,Φ1,∇, (tα)α∈J),
where Φ1 = u0(φ ⊗ ΦR1) with ΦR1 as in Subsubsection B6.3 for m := a and with u0 ∈
U−1(R1) a universal element which identifies R1 with the completion of the local ring of
U−1 at the identity element of U−1(k) (D˜1 is the pull-back of C˜univ via a W (k)-morphism
Spec R1 → Spec R which is a closed embedding and which at the level of rings maps the
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ideal (x1, . . . , xl) of R to the ideal (x1, . . . , xa) of R1, cf. Theorem B6.4 (a) and the fact
that D˜1 is versal). Each Spf W (k)-valued point of the formal torus Spf R1 which is of
order 1 or 2 corresponds uniquely to a D′ as in (a) and therefore indeed we have precisely
2a such D′’s as in (a) and all of them are pull-backs of DR via W (k)-valued points of
Spec R. Thus (c) holds if D = D˜. From the uniqueness part of Subsubsection B6.5 we get
that we can assume that Spec R1 is as well a closed subscheme of the closed subscheme
Spec S of Spec R chosen in Subsubsection B6.5; therefore all D′’s as in (a) are pull-backs
of DR via uniquely determined W (k)-valued points of Spec R that factor through Spec S.
Case 2. We now check that (c) holds even in the general case (i.e., we do not assume
anymore that F 1 = F˜ 1 and D = D˜). Let D˜S be the pull-back of D˜R constructed above
via the closed embedding Spec S → Spec R of the Subsubsection B6.5. Let D˜univ be the
pull-back to S/2S of C˜univ. As in the proof of (a) we argue that there exists a morphism
z˜′ : SpecW (k)→ Spec R such that the Hodge filtration of M defined by D˜′ := (z˜′)∗(D˜R)
is F˜ 1 and there exists an isomorphism ̺D˜′ : (M, (tα)α∈J)
∼→ (H1(D˜′) ⊗Z2 W (k), (v˜α)α∈J).
Let I˜′ be the ideal of R that defines z˜′. Let y1, . . . , yl be regular parameters of R such that
we have an identity I˜′ = (y1, . . . , yl) between ideals of R. Let Φ˜R,1 be the Frobenius lift of
Spec R which is compatible with σ and which takes each yi to y
p
i . Based on Case 1, we can
assume that the morphism z˜′ : Spec W (k)→ Spec R factors through the closed embedding
Spec S →֒ Spec R. Let z˜′S : Spec W (k)→ Spec S be the resulting factorization.
From Theorem B6.4 (a) we get that DR and Cuniv are the pull-backs of D˜S and D˜univ
(respectively) via a morphism h : Spec R → Spec S that satisfies the identity h ◦ z˜′ = z˜′S
(for this part we have to consider new Frobenius lifts of R and S; like for R we would have
to replace ΦR by Φ˜R,1). Due to the uniqueness part of Subsubsection B6.5 and the identity
h ◦ z˜′ = z˜′S , the closed embedding Spec S →֒ Spec R is a section of h : Spec R→ Spec S.
Due to the existence of h, to prove (c) in the general case it suffices to show that
there exist exactly 2a morphisms z1 : SpecW (k)→ Spec S such that the Hodge filtration
of M defined by z∗1(D˜S) is F
1. Fixing such a morphism z1,0 (it exists, cf. proof of (a)),
any other such morphism z1, induces a unique isomorphism h1 : Spec S
∼→Spec S with the
properties that D˜S = h
∗
1(D˜S) and we have h1 ◦z1 = z1,0. But the number of isomorphisms
h2 : Spec S
∼→Spec S with the property that D˜S = h
∗
2(D˜S) is uniquely determined by the
property that under it the ideal I0 of S that defines D˜ is mapped to one of the 2
a ideals
of S under which one gets a 2-divisible group over W (k) whose Hodge filtration is F˜ 1 (cf.
Case 1 applied to D˜). Thus we have 2a such h2’s and z1’s and therefore (c) holds in the
general case.
Part (d) follows from Theorem B3. 
B8. On abelian schemes. We assume that D is the p-divisible group of an abelian
scheme A overW (k). It is known that we have two canonical and functorial identifications:
(i) H1dR(A/W (k)) =M of W (k)-modules (see [Be, Ch. V, Subsect. 2.3] and [BBM,
Prop. 2.5.8]);
(ii) H1(D) = H1e´t(AB(k),Zp) of Gal(B(k))-modules.
The crystalline conjecture (see [Fa1] and [Fo]) provides a Bcrys(W (k))-linear isomorphism
iA : H
1
dR(A/W (k))⊗W (k) Bcrys(W (k))
∼→H1e´t(AB(k),Zp)⊗Zp Bcrys(W (k))
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that is compatible with the tensor product filtrations, with the Gal(B(k))-actions, and with
the Frobenius endomorphisms. See [V1, Subsubsect. 5.2.15] for a proof of the following
property (strictly speaking, the paragraphs before loc. cit. work with a prime p≥ 3 but
the arguments of loc. cit. work for all primes):
(iii) under the identifications of (i) and (ii), we have iA = i
+
D ⊗ 1Bcrys(W (k)).
B9. On Hodge cocharacters. In this subsection we assume that we have a monomor-
phism W (k) →֒ C and that D is the p-divisible group of an abelian scheme A over W (k).
We recall that we have canonical identifications
(6) M ⊗W (k) C = H
1
dR(A/W (k))⊗W (k) C = H
1
dR(AC/C) = F
1,0 ⊕ F 0,1,
where the last identity is the usual Hodge decomposition. Under (6) we can identify
F 1 ⊗W (k) C = F
1,0.
Let AanC be the analytic space associated to AC. Let W := H1(A
an
C ,Q) be the first Betti
homology group of AanC with rational coefficients. Let W
∨ := Hom(W,Q). We identify
naturally W∨ ⊗Q C with the first Betti cohomology group H
1(AanC ,C) and thus also with
H1dR(AC/C) = M ⊗W (k) C. Let µA : Gm,C → GLW∨⊗QC be the Hodge cocharacter that
fixes F 0,1 and that acts on F 1,0 via the weight −1.
B9.1. Lemma. Let the cocharacter µ : Gm,W (k) → G be as in Subsection B2. We assume
that for every α ∈ J the tensor tα ∈ T(M)[
1
p
] = T(H1dR(A/W (k)))[
1
p
] is the de Rham
component of a Hodge cycle on AB(k). We also assume that GB(k) is a reductive group.
Then the cocharacter µA : Gm,C → GLM⊗W (k)C factors through GC and this factorization
µA : Gm,C → GC is G(C)-conjugate to µC. Thus, if GB(k) is a torus, then we have µA = µC.
Proof: Let vBα ∈ T(W
∨) be the Betti realization of tα; it is fixed by µA. The identity
W∨ ⊗Q C =M ⊗W (k) C produces an identity T(W
∨ ⊗Q C) = T(M ⊗W (k) C) under which
the tensors tα and v
B
α are as well identified. Thus the cocharacter µA : Gm,C →GLW∨⊗QC
fixes tα for all α ∈ J and therefore it factors through GC. Let PC be the parabolic subgroup
of GC that normalizes F
1⊗W (k)C = F
1,0. Both the cocharacters µA : Gm,C →GLM⊗W (k)C
and µC factor through PC and thus a PC(C)-conjugate µ
′
C of µC commutes with µA.
As the commuting cocharacters µ′C and µA of PC act on F
1 ⊗W (k) C = F
1,0 and on
M⊗W (k)C/(F
1⊗W (k)C) = H
1
dR(AC/C)/F
1,0 in the same way, we have µ′C = µA. Thus the
cocharacters µC and µA are PC(C)-conjugate and therefore they are also G(C)-conjugate.
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